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Morphoelasticity model of arterial cross section
When arteries are pressurized, they take on an approximately circular cross-section. We therefore developed a morphoelastic model of a multi-layer artery where the intima, media and adventitia are described as concentric circular layers. Our goal is to investigate the deformation of the cross-section under the joint action of intimal growth and a calcifying media. The model closely resembles the one discussed in [20]: see Fig 2. 

Since the development of PAD occurs slowly compared to the relaxation of any induced stresses in the artery, at every stage of the growth we solve for the elastic deformation of the vessel layers by assuming mechanical equilibrium. Growth is accounted for by decomposing the deformation gradient  into a product of the elastic tensor  and a growth tensor :



Aiming for the simplest model that can describe the effects of MS, growth is assumed to be isotropic in the radial and azimuthal directions so that  where g(t) is a prescribed function: material area elements in the grown state Fig 2(c) are times larger than in the reference state Fig 2(a). We assume that deformations are independent of azimuthal angle or axial distance along the artery. The outer boundary of the adventitia wall is assumed to be traction-free while the inner boundary is held at a given lumen pressure of 120 mmHg. Blood flow and the effect of wall shear stress are neglected. In the context of atherosclerosis, these effects are thought to affect disease progression which is already accounted for in our model through the parameter g. Dimensions of the arterial sections in their reference configuration are given in S1 Table A.

The mechanical properties of the intima, media and adventitia are defined by hyperelastic strain energy functions. Following Kamenskiy [21], the strain energy functions W1, W2 and W3 for the intima, media and adventitia are assumed to take the form:












The quantities , and  are geometric stretch factors in the radial, azimuthal and axial directions respectively and ,  and  are the angles between collagen fibers embedded in intima, media, and adventitia. These families of fibers [37] are oriented in a helical fashion within each layer, rendering it strain-hardening and anisotropic. The constants , , , , , , , , , , , ,  and  are material constants that characterize the mechanical properties of the intima, media and adventitia, and can be found from axial testing of specimens. As we discuss below, some of these parameters change in time to allow the simulation of atherosclerosis or MS.




Stiffening of layers and estimation of stiffening rates
Intima
The intima is taken to slowly stiffen over the course of a patient’s lifetime through the relation 



where  is the stiffening rate, which is estimated from data on coronary arteries (see below) and t is measured in years. Akyildiz et al. [38] give the Young’s modulus of a moderately stiff intima to be 500 kPa, so we use 500/3 kPa as the initial value of the shear modulus : see S1 Table B.

Holzapfel et al. [39] measured the value of in coronary intimas from 13 patients who were diagnosed with atherosclerosis in either aorta, coronary, cerebral, or renal arteries. The values of  ranged from 15.93 kPa to 53.95 kPa while the age of patients ranged from 54 to 80 years. The stiffening rate  is therefore estimated as



Media
The stiffness of the media increases over time for both non-MS and MS patients, but at different rates. In the context of our model, this amounts to allowing,  and  to change in time. Currently, one-time measurements of material parameters,  and  are usually performed in-vitro after removing the arteries in question from the patient. Although such measurements are insufficient to determine the time-course of these parameters, longitudinal studies on animals could provide more insight into the evolution of, and .

In the absence of data, we assume that the media stiffens linearly over time so that



where simulation time t is measured in years and , ,  and  are given in S1 Table C. The model is calibrated so that at t=0 (time of birth), the mechanical properties of the media and adventitia are identical.

We estimate MS stiffening rates  , from atherosclerotic arteries in Kamenskiy et al. [21]. Specifically, the arteries of Patients 5 and 10 in this study appeared to present atherosclerosis (and probably MS) at different stages. The vessels of patient 5 were essentially normal while patient 10 presented severe coronary artery disease. These two patients were 5 years apart in age and we estimate the stiffening rates by



A similar formula was used to estimate : see S1 Table E. Non-MS stiffening rates are assumed to be 10 times smaller than MS rates. The values  in S1 Table E come from different arteries in each patient. While this is obviously not ideal, we are not aware of any longitudinal studies that report how mechanical parameters of arteries evolve in time. Furthermore, note that the data in S1 Table E is used simply to estimate a stiffening rate rather than actual stiffness parameters.

Adventitia
We assume that the adventitia is not affected by MS, so its mechanical parameters are static in time: see S1 Table D. MS and non-MS adventitia always have the same mechanical properties.


Atherosclerosis growth model
Development of atherosclerotic lesions of the intima is represented by allowing g in the growth tensor to increase in time. Data from Osika et al. [19] suggests that intima growth is approximately linear in time with rate of about 1 m per year. For a reference intima with thickness 10 m, a growth of 1 m per year corresponds to , with . A summary of intimal growth and mechanical parameters is given in S1 Table F.


Tables

S1 Table A. Dimensions of Femoral and Tibial cross sections in their reference state. Media/Adventitia thicknesses for femoral and tibial arteries are taken from [18, 40], respectively.
	Symbol
	Meaning
	Femoral Artery
	Tibial Artery

	A
	Lumen radius
	3.5 mm
	1.5 mm

	B-A
	Intima thickness
	0.01 m
	0.01 m

	C-B
	Media thickness
	0.74 mm
	0.25 mm

	D-C
	Adventitia thickness
	0.42 mm
	0.11 mm




S1 Table B. Mechanical Parameters for the intima (MS and non-MS). Taken from Kamenskiy et al. [21], Patient 6’s Tibial Artery (TA (L)).
	 (kPa)
	 (kPa)
	
	 (kPa)
	
	 (o)

	167
	82.69
	4.15
	33.53
	10.15
	46.99




S1 Table C. Mechanical parameters for the media at time t = 0. Taken from Kamenskiy et al. [21] Patient 5’s Tibial Artery (TA).
	 (kPa)
	 (kPa)
	
	 (kPa)
	
	 (o)

	73.63
	167.21
	29.11
	39.99
	32.68
	48.93





S1 Table D. Mechanical Parameters for the adventitia (MS and non-MS). Taken from Kamenskiy et al. [21], Patient 5’s Tibial Artery (TA).
	 (kPa)
	 (kPa)
	
	 (kPa)
	
	 (o)

	73.63
	167.21
	29.11
	39.99
	32.68
	48.93




S1 Table E. Media mechanical parameters and estimated stiffening rates for MS patients. Stiffening rates for non-MS patients are assumed 10x smaller. Data is from Patient 5 and Patient 10 from Kamenskiy et al. [21] who presented atherosclerotic disease at different stages. Stiffening rates were estimated by assuming a linear law for ,  and ; more details are given in the text.
	
	 (kPa)
	 (kPa)
	
	 (kPa)
	

	Patient 5 (55 years old)
	31.87
	130.16
	26.09
	8.80
	27.90

	Patient 10 (60 years old)
	35.60
	158.56
	47.45
	13.87
	30.22

	Estimated Stiffening Rate for MS arteries
	
	
	
	
	

	
	0.75 kPa/year
	5.7 kPa/year
	4.3/year
	1.0 kPa/year
	0.5/year




S1 Table F. Summary of intima mechanical and growth parameters.
	Symbol
	Value
	Meaning

	
	0.1/year
	Intima Growth Rate

	
	167 kPa
	Initial Intima Stiffness

	
	3 kPa/year
	Intima Stiffening Rate
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