
Symbols
• V (m3), total wear

• V̇ (m3/s), wear rate

• P (Pa), pressure

• S (m), total distance of sliding contact

• U (m/s), velocity of sliding contact

• σ (m), RMS surface roughness

• h (m), oil thickness

• Findent (m), the profile function of the ball bearing

• Vy (m), wear profile depth

• δe (m), elastic deflection of ball bearing

• hmin (m), minimum lubricant thickness

• Un, dimensionless speed parameter

• Gn, dimensionless material parameter

• Wn, dimensionless load parameter

• R (m), radius of ball bearing

• Kh (Pa/m), Winkler Mattress Coefficient

• E (Pa), Young’s Modulus

• p, Poisson’s Ratio

• R’ (m), reduced radius

• E’ (Pa), reduced Young’s modulus

• aHertz (m), radius of Hertzian elastic contact area

• a (m), radius of contact area

• PHertz (Pa), Hertzian pressure
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• δHertz (m), Hertzian deflection

• x, y, and z (m), dimensions

• r (m), radial distance from a given point to the center

• ∆x (m), the distance increment of each finite-difference node

• ν0 (mm2/s), kinematic viscosity at atmospheric pressure

• νP (mm2/s), kinematic viscosity under high contact pressure

• µ (Pa-s), dynamic viscosity

• L, Peclet number

• κellipse, the wear scar ellipticity

• αbb (m2/s), thermal diffusivity of ball bearing material

• αlub (m2/s), thermal diffusivity of lubricant oil

• kbb (W/m·◦C), thermal conductivity of ball bearing material

• klub (W/m·◦C), thermal conductivity of lubricant oil

• CP,bb (J/kg·◦C), specific heat of ball bearing material

• CP,lub (J/kg·◦C), specific heat of lubricant oil

• ρbb (kg/m3), density of ball bearing material

• ρlub (kg/m3), density of lubricant oil

• ΩRPM (r/min), rotational speed of four-ball test

• W (Newtons), load

• µCOF , Coefficient of Friction

• ∆TF (◦C), friction temperature increase at the surface

• tss (s), time for flash temperature heating to settle

• Tsurface (◦C), the temperature at the surfaces of the ball bearings

• TB (◦C), the bulk lubricant oil temperature
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• TL(y) (◦C), temperature profile of the lubricant film

• TL (◦C), average temperature of the lubricant film

• Qlub (Watts), power from friction forces into lubricant film

• Vlub (m3), volume of lubricant over area of contact

• qv (Watts/m3), power per unit volume into lubricant

• hc (m), film thickness where dP/dx = 0

• Ux and Uz (m/s), flow in x and z direction,

• γ (m), length of individual asperities

• γ̄ (m), mean value of all asperities within the wear scar

• Na, number of finite difference points within the wear scar

• WP (m), yield / plasticity length

• Gyield (Pa), shear yield strength of ball-bearing material

• λW , ratio of wear height over RMS asperities

• VN , normalized wear rate

• N, total number of Monte Carlo trials performed (N = 109)

• H (Pa), ball bearing material hardness

• f, definition of a function

• θ (radians), trigonometric angle for ball-bearing indentation function

• (m), the dimension of length, typically meters

• (Pa), the dimension of pressure, typically Pascals
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MATLAB SOURCE CODE

WearStudy.m

clear
tic

Tb=59; % Bulk Lubricant Temperature (Centigrade)
maxdepth=5e-8; % Maximum depth of wear per cycle
maxdt=1e0; % Maximum time step per cycle
Mx=201; % X and Z Nodes
W0=88; % Applied load in lbs for four ball tester
Ra0=15.0e-8; % Initial surface roughness of ball bearing
nd=0e-4; % weight fraction of diamond nanoparticles

totaltime=3600; % Total Wear Time (seconds)
Ey=210e9; % Young’s Modulus of the tested material in Pa
poisson=.3; % Poisson Ratio of tested material
R = 0.25; % Radius of ball bearings in inches
RPM=1200; % Speed of spindle in rpm
COF=0.10; % COF of interest
dt0=0e0; % Initial starting time step (s)
Bw=0.0014; % Bearing width (meters)
UTC=5e8; % Ultimate tensile stress of steel (Pa)
SC=0.6; % Ultimate shear stress coefficient for steel
Ea=-41e-21; % Diamond Nanoparticle Activation Energy (J)
K0=900; % Therman Conductivity Constant
k_boltz=1.38e-23; % Boltzman Constant

4



k=46.6; % Thermal Conductivity of Material (W/m-K) - Steel
rho=7810; % Material Density (kg/mˆ3) - Steel
Cp=475; % Specific Heat of Material (J/kg-K) - Steel

k_d=2190; % Thermal Conductivity of Material (W/m-K) - Diamond
rho_d=3530; % Material Density (kg/mˆ3) - Diamond
Cp_d=519; % Specific Heat of Material (J/kg-K) - Diamond

k_oil=0.140; % thermal conductivity of oil (W/m-K)
Cp_oil=2000; % specific heat of oil (J/kg-K)
rho_oil=905.75; % Density of Lubricant (kg/mˆ3)

%%%%%%%%%%%%%%%%%%

if mod(Mx,2)==0
Mx=Mx+1;

end
dx=Bw/Mx;
Xfct=linspace(-Bw/2,Bw/2,Mx);
W=W0*4.44822162/3; % Divide by 3 and convert to Newtons
R=R*2.54/100;
Rp=R/2;
Eyr=Ey/(1-(poissonˆ2));
aHertz=((3/2)*W*Rp/Eyr)ˆ(1/3);
omg=RPM*(2*pi/60);
U=0.5*omg*R; % Contact Speed (m/s)
ndx=nd*(1e4);
k_nd=(1+(K0*exp(Ea/(k_boltz*(Tb+273.15)))))*k_oil;
k_lub=(k_oil*(1-ndx))+(k_nd*ndx);
Cp_lub=(Cp_oil*(1-nd))+(Cp_d*nd);
rho_lub=1/(((1-nd)/rho_oil)+(nd/rho_d));
TD=k/(rho*Cp); % Thermal Diffusivity (m2/s)
TD_lub=k_lub/(rho_lub*Cp_lub); % Thermal Diffusivity of oil (m2/s)
kellip=1; % Elliptical Parameter = a/b
oo=ceil(Mx/2);
Wp=Rp*((UTC*SC/Eyr)ˆ2);
PmaxH=((1.5*W)/(pi*(aHertzˆ2)));
delH=1.31*(((Wˆ2)/((Eyrˆ2)*Rp))ˆ(1/3));
Kh=4*PmaxH/delH;
Rw=Rp*((2*pi*R/(0.5*Bw/4.5)));
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% Viscosity
VcSt0=ViscFct(Tb);
b0=0.6363/0.2; % Taken
PVC=(1.216 + (4.143*((log10(VcSt0))ˆ3.0627))+...
((2.848e-4)*(b0ˆ5.1903)*((log10(VcSt0))ˆ1.5976))...
-(3.999*((log10(VcSt0))ˆ3.0975)*((rho_lub/1000)ˆ0.1162)))*(1e-8);

% Calculate initial film thickness
Vpas0=VcSt0*rho_lub*(1e-6);
Vpas=Vpas0;

%%%%%%%%%%%%%%%%%%%

a=aHertz;
L=U*a/(2*TD); % Peclet Number (dimensionless)
if L<0.1

Tf=0.25*COF*W*U/(k*a);
elseif L>0.1 && L<5

foo=0.35+((5-L)*(0.5/4.9));
Tf=foo*0.25*COF*W*U/(k*a);

else
Tf=(0.308*COF*W*U/(k*a))*(sqrt(TD/(U*a)));

end

foo=0:0.001:1; foo=foo-(foo.ˆ2); foo=mean(foo);
HcHD=Rw*2.69*((U*Vpas/(Eyr*Rp))ˆ0.67)*((PVC*Eyr)ˆ0.53)*...
((W/(Eyr*(Rpˆ2)))ˆ-0.067)*(1-(0.061*exp(-0.73*kellip)));
HcHD0=HcHD; Fluc=1; ct=0;
while Fluc>(1e-2)

ct=ct+1;
dT=foo*COF*(W/(pi*(aHertzˆ2)))*HcHD*U/(2*k_lub); Ti=Tb+Tf+dT;
VcSt=ViscFct(Ti); Vpas=VcSt*rho_lub*(1e-6);
HcHD=Rw*2.69*((U*Vpas/(Eyr*Rp))ˆ0.67)*((PVC*Eyr)ˆ0.53)*...
((W/(Eyr*(Rpˆ2)))ˆ-0.067)*(1-(0.061*exp(-0.73*kellip)));
Fluc=abs(HcHD-HcHD0)/HcHD0;
HcHD0=HcHD;
FlucFct(ct)=Fluc;
if ct>10000

Fluc=0;
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[’Trouble!!!’]
end

end

H0HD=Rw*3.63*((U*Vpas/(Eyr*Rp))ˆ0.68)*((PVC*Eyr)ˆ0.49)*...
((W/(Eyr*(Rpˆ2)))ˆ-0.073)*(1-(exp(-0.68*kellip)));

wear=zeros(Mx,Mx);

% Indent Function
indent=zeros(Mx,Mx);
for ii=1:Mx

for jj=1:Mx
rrp=sqrt((Xfct(ii)ˆ2)+(Xfct(jj)ˆ2));
theta=asin(rrp/R);
indent(ii,jj)=R*(1-(cos(theta)));

end
end
Rfct=zeros(Mx,Mx);
for ii=1:Mx

for jj=1:Mx
Rfct(ii,jj)=sqrt((Xfct(ii)ˆ2)+(Xfct(jj)ˆ2));

end
end

%%%%%%%%%%%%%%%%%

% Find a default pressure function to start iteration
[aa,bb]=find(Rfct<aHertz); Laa=length(aa);
PfctH=zeros(Mx,Mx);
for uu=1:Laa

ii=aa(uu); jj=bb(uu);
PfctH(ii,jj)=PmaxH*(1-((Rfct(ii,jj)/aHertz)ˆ2));

end

[h0,Pfct00]=gethfct(indent,wear,dx,Vpas,Vpas0,H0HD,U,...
PfctH,R,Kh,PVC,Tb,Ti);
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h=h0; havg=h;
Pfct0=Pfct00; Pfct=Pfct00;

a=aHertz;
time=0;
dTavg=0;
NL=[’\n’];
TS=0;

dt=dt0;
while (time<totaltime)

TS=TS+1;
time=time+dt;

[a0,kellip]=wearscar(wear,dx,Ra0/2);
aD=a0*2; a=a0;
if (a<aHertz)

a=aHertz;
end

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

L=U*a/(2*TD); % Peclet Number (dimensionless)
if L<0.1

Tf=0.25*COF*W*U/(k*a);
elseif L>0.1 && L<5

foo=0.35+((5-L)*(0.5/4.9));
Tf=foo*0.25*COF*W*U/(k*a);

else
Tf=(0.308*COF*W*U/(k*a))*(sqrt(TD/(U*a)));

end

foo=0:0.001:1; foo=foo-(foo.ˆ2); foo=mean(foo);
HcHD=Rw*2.69*((U*Vpas/(Eyr*Rp))ˆ0.67)*((PVC*Eyr)ˆ0.53)*...
((W/(Eyr*(Rpˆ2)))ˆ-0.067)*(1-(0.061*exp(-0.73*kellip)));
HcHD0=HcHD; Fluc=1; ct=0;
while Fluc>(1e-2)

ct=ct+1;
dT=foo*COF*(W/(pi*(aHertzˆ2)))*HcHD*U/(2*k_lub); Ti=Tb+Tf+dT;
VcSt=ViscFct(Ti); Vpas=VcSt*rho_lub*(1e-6);
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HcHD=Rw*2.69*((U*Vpas/(Eyr*Rp))ˆ0.67)*((PVC*Eyr)ˆ0.53)*...
((W/(Eyr*(Rpˆ2)))ˆ-0.067)*(1-(0.061*exp(-0.73*kellip)));
Fluc=abs(HcHD-HcHD0)/HcHD0;
HcHD0=HcHD;
FlucFct(ct)=Fluc;

if ct>10000
Fluc=0;
[’Trouble!!!’]

end
end

H0HD=Rw*3.63*((U*Vpas/(Eyr*Rp))ˆ0.68)*((PVC*Eyr)ˆ0.49)*...
((W/(Eyr*(Rpˆ2)))ˆ-0.073)*(1-(exp(-0.68*kellip)));

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

[aa,bb]=find(Rfct<(a-dx)); Laa=length(aa);

PfctHt=zeros(Mx,Mx);
for uu=1:Laa

ii=aa(uu); jj=bb(uu);
PfctHt(ii,jj)=((1.5*W)/(pi*(aˆ2)))*(1-((Rfct(ii,jj)/a)ˆ2));

end

[h,Pfct]=gethfct(indent,wear,dx,Vpas,Vpas0,H0HD,U,Pfct00,R,...
Kh,PVC,Tb,Ti);

[aa,bb]=find(Rfct<a); Laa=length(aa);

RaOP=Ra0; MW=(mean(mean(wear(aa,bb))));
for uu=1:Laa

ii=aa(uu); jj=bb(uu);
RaOP=RaOP+((wear(ii,jj)-MW)ˆ2);

end
RaOP=2*sqrt((RaOP/Laa)+(Ra0ˆ2));
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RaExp=((0.0027125069*time) + (0.8618890914))*(1e-6);

Ra=Ra0;

LamFct=(h+Wp).*(Ra.ˆ-1);
LamRat=0.2763*exp(-(1.6754)*LamFct);
wearrate=(LamRat.*Ra.*(U*dx))/(dxˆ2);
for ii=1:Mx

for jj=1:Mx
if wearrate(ii,jj)<0

wearrate(ii,jj)=0;
end

end
end
% The wear rate is in m/s in this model
WRt=(sum(sum(wearrate)))*(dxˆ2)*(1e18);
WRavg=(sum(sum(wear)))*(dxˆ2)*(1e18)/time;

maxwearrate=max(max(wearrate));
if maxwearrate>0

dt=maxdepth/maxwearrate;
else

dt=totaltime;
end
if (dt>maxdt)

if (mod(time,maxdt)˜=0)
dt=maxdt-(mod(time,maxdt));

else
dt=maxdt;

end
end
wear=wear+(wearrate*dt);

COFrat=0.5*exp(-1.2847*LamFct);
F_wear=UTC*SC*(sum(sum(COFrat)))*(Bwˆ2)/3;
COFw=F_wear/W;

WearData(TS)=(dxˆ2)*sum(sum(wear));
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WearRateData(TS)=(dxˆ2)*sum(sum(wear))/time;
WearRateSimData(TS)=(dxˆ2)*sum(sum(wearrate));
COFdata(TS)=COFw;
aData(TS)=aD;
kellipData(TS)=kellip;
TimeData(TS)=time;
RaData(TS)=mean(mean(Ra));
RaOPdata(TS)=RaOP;
RaExpData(TS)=RaExp;
PressureMaxData(TS)=max(max(Pfct));
PressureAvgData(TS)=mean(mean(Pfct));
PressureScarData(TS)=mean(mean(Pfct(aa,bb)));
hminData(TS)=H0HD;
TempData(TS)=Ti;
LamData(TS)=mean(mean(LamFct(aa,bb)));
LamDataMax(TS)=max(max(erfc(LamFct(aa,bb))));
hData(TS)=mean(mean(h(aa,bb)));

end

if nd==0
filestr=[’DataT’ num2str(Tb) ’.mat’];

else
ndx=(1e-4)/nd;
filestr=[’DataT’ num2str(Tb) ’d’ num2str(ndx) ’.mat’];

end

save(filestr)
toc
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Figure 1: Highest level flowchart of four-ball test wear model. The process takes
place within the WearStudy.m script.

Figure 2: Flowchart representation of a single time-step. The process takes place
within the WearStudy.m script.

Figure 3: Flowchart representation of the iterative process of determining the lubri-
cant film temperature, viscosity, and minimum thickness. The process takes place
within the WearStudy.m script.
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gethfct.m

function [hOut,PfctOut]=gethfct(indent,wear,dx,Vpas,Vpas0,...
H0HD,U,Pfct00,R,Kh,PVC,Tb,Ti)

Pfct0=Pfct00;

Mx=length(Pfct00); %oo=ceil(Mx/2);
ElastFct=zeros(Mx,Mx);

wear2=zeros(Mx,Mx);
for ii=1:Mx

foo=(sum(wear(ii,:)))*(dx/(pi*R));
for jj=1:Mx

wear2(ii,jj)=foo;
end

end

testbreak=0; del=1;
while del>1e-1

testbreak=testbreak+1;
ElastFct0=ElastFct;
hFoo=wear+wear2+(indent*2)+ElastFct;
h=hFoo-(min(min(hFoo)))+H0HD;

[Pfct]=findP(h,Mx,dx,Vpas,Vpas0,Tb,Ti,U,PVC,Pfct0);
ElastFct=Pfct/(Kh);

del=abs(mean(mean(ElastFct-ElastFct0)))/(mean(mean(ElastFct)));
Pfct0=Pfct;
if testbreak<5

del=1;
elseif testbreak>25

del=0;
fprintf(’Failure to Converge!!!!!!!’);

end
end

hFoo=wear+wear2+(indent*2)+ElastFct;
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h=hFoo-(min(min(hFoo)))+H0HD;

hOut=h;
PfctOut=Pfct;

end
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Figure 4: Flowchart representation of the determination of the lubricant film-
thickness profile, which is performed within the gethfct.m function.
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findP.m

function [PfctOut]=findP(h,Mx,dx,Vpas,Vpas0,Tb,Ti,U,PVC,Pfct0)

Pfct=Pfct0; DifMat=zeros(Mx,Mx,5);
AP=Roelands(Tb,Ti,PVC,Vpas,Vpas0,Pfct0);

for ii=2:(Mx-1)
for jj=2:(Mx-1)

uu1=(h(ii,jj)ˆ3)/(dxˆ2);
uuX=((1.5/dx)*(h(ii,jj)ˆ2)*((h(ii+1,jj)-h(ii-1,jj))/(2*dx)));
uuY=((1.5/dx)*(h(ii,jj)ˆ2)*((h(ii,jj+1)-h(ii,jj-1))/(2*dx)));
DifMat(ii,jj,1)=-((2/(dxˆ2))*(h(ii,jj)ˆ3))-((2/(dxˆ2))*...
(h(ii,jj)ˆ3)); % A
DifMat(ii,jj,2)=uu1+uuX; % E
DifMat(ii,jj,3)=uu1-uuX; % W
DifMat(ii,jj,4)=uu1+uuY; % N
DifMat(ii,jj,5)=uu1-uuY; % S

end
end

for ii=2:(Mx-1)
for jj=2:(Mx-1)

BB=6*Vpas*U*(((h(ii+1,jj)-h(ii-1,jj))/(2*dx))+...
((h(ii,jj+1)-h(ii,jj-1))/(2*dx)))*0.5;
BB=BB*(exp(AP(ii,jj)));
foo=(DifMat(ii,jj,2)*Pfct0(ii-1,jj));
foo=foo+(DifMat(ii,jj,3)*Pfct0(ii+1,jj));
foo=foo+(DifMat(ii,jj,4)*Pfct0(ii,jj-1));
foo=foo+(DifMat(ii,jj,5)*Pfct0(ii,jj+1));
Pfct(ii,jj)=(BB-foo)/(DifMat(ii,jj,1));

end
end

PfctOut=abs(Pfct);
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end
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Figure 5: Flowchart representation of the determination of the lubricant pressure
profile with the Reynolds equation, which is performed within the findP.m function.
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Roelands.m

function [AP]=Roelands(TbC,TiC,PVC,Vpas,Vpas0,Pfct)

Ti=TiC+273.15; Tb=TbC+273.15;

foo=((log(Vpas))+9.67);
foo0=((log(Vpas0))+9.67);

Z=PVC/((5.1e-9)*foo0); %Z=0.68;
beta=GetBeta;
S0=beta*(Tb-138)/foo;
AP=(((Ti-138)/(Tb-138)).ˆ-S0).*(((1+(5.1e-9*Pfct)).ˆZ)-1)*foo;

end
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GetBeta.m

function [beta]=GetBeta

Tfct=25:5:75; LL=length(Tfct);
ViscDat=[105 87.5 65 50.5 41.5 32.5 28.5 24.5 21.5 19 16];

ViscRat=ViscDat(2:LL)/ViscDat(1);
ViscLog=log(ViscRat);
dTemp=Tfct(2:LL)-Tfct(1);

BetaFct=-ViscLog.*(dTemp.ˆ-1);

beta=mean(BetaFct);

end
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ViscFct.m

function [VcSt]=ViscFct(Tc)

T=Tc+273.15;
Tfct=25:5:75;
ViscDat=[105 87.5 65 50.5 41.5 32.5 28.5 24.5 21.5 19 16];

Tfct=Tfct+273.15;
foo=abs(T-Tfct);
a=find(foo==min(foo)); a=a(1);

if min(foo)==0
b=a;

else
if a==1

b=2;
elseif a==length(Tfct)

b=length(Tfct)-1;
else

fooT=((T-Tfct(1))/5)+1;
a=floor(fooT);
b=ceil(fooT);

end
end

if a==b
VcSt=ViscDat(a);

else
T1=Tfct(a); v1=ViscDat(a);
T2=Tfct(b); v2=ViscDat(b);
Z1=v1 + 0.7 + exp((-1.47-(1.84*v1)-(0.51*(v1ˆ2))));
Z2=v2 + 0.7 + exp((-1.47-(1.84*v2)-(0.51*(v2ˆ2))));
B=((log10(log10(Z1)))-(log10(log10(Z2))))/...
((log10(T2))-(log10(T1)));
A=(B*log10(T1))+(log10(log10(Z1)));

Z=10ˆ(10ˆ(A-(B*(log10(T)))));
VcSt=(Z-0.7)-exp(-0.7487-(3.295*(Z-0.7))+...
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(0.6119*((Z-0.7)ˆ2))-(0.3193*((Z-0.7)ˆ3)));
end

end
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wearscar.m

function [a,kellip]=wearscar(wear,dx,Ra0)

th=Ra0/2;
Xfct=max(wear); var=find(Xfct>th);
if length(var)>1

deltX=(max(var)-min(var)+1)*dx;
else

deltX=dx;
end
Xfct=max(wear’); var=find(Xfct>th);
if length(var)>1

deltY=(max(var)-min(var)+1)*dx;
else

deltY=dx;
end
a=(deltX+deltY)/2; kellip=deltX/deltY;
if kellip>1

kellip=1/kellip;
end

end
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Introduction: 

The purpose of this model is to numerically simulate with finite difference the process of sliding 
contact similar to what occurs during an ASTM D-4172 four-ball test.  It was written in the Matlab 
programming language.  By running this simulation, it is feasible to numerically predict the evolution 
of wear from sliding contact in a lubricated four-ball test.  

Definition of Files: 

• WearStudy.m: 

◦ This is the main program script for the model, running through all of the steps to determine the 
wear rate and total wear

◦ This script can be converted to a function for a parametric study, if needed

◦ Function calls on the “gethfct.m” function to determine the film thickness profile

• gethfct.m: 

◦ This function is used to iterate for the film-thickness profile

◦ Function calls on the “findP.m” function to determine the pressure as it iterates for the film 
thickness profile

◦ The function takes the guess for the pressure, predicts the film thickness, determines the 
pressure for the given film-thickness profile, and use the pressure to adjust the film-thickness; 
this iteration runs until there is convergence on the lubricant film-thickness and pressure

◦ Output: 

▪ hOut: output final lubricant film-thickness profile

▪ PfctOut: output final lubricant film pressure profile

• findP.m: 

◦ Determines the pressure for an input lubricant film-thickness profile

▪ Assumes the film thickness is constant within the function

◦ Uses a “guess” pressure for the nearest-neighbor pressure values to solve for the new pressure 
value at a given finite difference node

▪ Iteration is used until the function converges on a pressure profile

◦ Function calls on the “Roelands.m” function to determine the pressure-viscosity exponential 
coefficient, to calculate the true pressure as a function of the “guess” pressure during the 
iterative step

◦ Output: 

▪ PfctOut: the output pressure function
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• Roelands.m: 

◦ Calculates the pressure-viscosity exponential increase

▪ μ=μ0eα∗P

◦ Determines the change in viscosity as a function of pressure 

◦ Calls on the “GetBeta” function

◦ Output: 

▪ AP: the α*P term as a function of pressure 

• GetBeta.m: 

◦ Calculates the viscosity-temperature exponential decay coefficient 

▪ μ(T )=μ0 eβ (T −T0)

◦ Uses experimental data for the lubricant oil embedded into the function

◦ Output: beta

• ViscFct.m: 

◦ Determines the kinematic viscosity for a given input temperature (in Centigrade)

◦ Uses experimental viscosity-temperature data embedded in the function

◦ Output: 

▪ VcSt: the kinematic viscosity in centistokes

• wearscar.m: 

◦ Determines the wear profile, and calculates the wear scar size and ellipticity

◦ Wear is recognized when the wear exceeds the RMS surface roughness

◦ The ellipticity consistently remains 1 throughout the model

◦ Output: 

▪ a: the radius of the wear scar

▪ kellip: the ellipticity of the wear scar (consistently 1)
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Layout of the Code: 

• Input Parameters

◦ This is where the material and simulation parameters are inputted by the user

◦ The first set are separated, as sometimes Matlab functions can be built with this information

▪ These parameters, versus the function line, can be commented out if the script will be used 
as a function

▪ Tb=59; % Bulk Lubricant Temperature (Centigrade) 

• This is the bulk lubricant oil temperature

• The model will calculate localized heating from the pressure

▪ maxdepth=5e-8; % Maximum depth of wear per cycle 

• The time step will adjust itself to ensure no more than this much wear (in meters of 
depth) will occur in a given time step

▪ maxdt=1.0e0; % Maximum time step per cycle 

• The maximum time step in seconds, if a longer time step is calculated for the maximum 
wear depth per time step

▪ Mx=201; % X and Z Nodes 

• The number of finite difference nodes in the X and Y direction (for Mx^2) nodes total

▪ W0 = 88; % The load (in lbs) of the 4-ball test

▪ Ra0=15.0e-8; % Initial surface roughness of ball bearing 

▪ nd = 0; % weight fraction of diamond nanoparticles

• Set to 1e-4 for the standard 0.01% weight concentration

• Other model parameters

◦ totaltime=3600; % Total Wear Time (seconds) 

▪ The total time (in seconds) of the sliding contact of the four-ball test

◦ Ey=210e9; % Young’s Modulus of the ball-bearing material (Pa) 

◦ poisson=.3; % Poisson Ratio of ball-bearing material 

◦ R = 0.25; % Radius of ball bearings in inches 

▪ Code will convert it to metric later

◦ RPM=1200; % Speed of spindle in rpm 

◦ COF=0.10; % COF of interest 
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◦ dt0 = 0e0; % Initial starting time-step

◦ Bw=0.0014; % Bearing width (meters) 

▪ This is the length of the domain being analyzed

▪ If it is made larger, the finite difference units will have lower resolution unless more nodes 
are added (which increases computational resources exponentially)

◦ UTC=5e8; % Ultimate Tensile Strength of Steel (Pa) 

◦ SC = 0.6; % Ratio of ultimate strength in shear over ultimate tensile stress

◦ Ea=-41e-21; % Diamond Nanoparticle Activation Energy (J) 

◦ K0=900; % Therman Conductivity Constant 

◦ k_boltz=1.38e-23; % Boltzman Constant (Joules / Kelvin)

• Input of ball-bearing material properties 

◦ k=46.6; % Thermal Conductivity of Material (W/m-K) – Steel 

◦ rho=7810; % Material Density (kg/m^3) – Steel 

◦ Cp=475; % Specific Heat of Material (J/kg-K) – Steel 

• Input of diamond nanoparticle material properties

◦ k_d=2190; % Thermal Conductivity of Material (W/m-K) – Diamond 

◦ rho_d=3530; % Material Density (kg/m^3) – Diamond 

◦ Cp_d=519; % Specific Heat of Material (J/kg-K) – Diamond 

• Input of oil thermal properties

◦ k_oil=0.140; % thermal conductivity of oil (W/m-K)

◦ Cp_oil=2000; % specific heat of oil (J/kg-K)

◦ rho_oil=905.75; % Material Density (kg/m^3) – Oil 

• Calculate Parameters from Input

◦ Make Mx an odd number

▪ This assures there is a finite difference node that is at the center of the domain

▪ if mod(Mx,2)==0 
    Mx=Mx+1; 
end

◦ dx=Bw/Mx; 

▪ The distance increment (meters) between each finite difference node
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◦ Xfct=linspace(-Bw/2,Bw/2,Mx); 

▪ Generates distance function, used to calculate the oil film thickness

◦ W=W0*4.44822162/3; % Divide by 3 and convert to Newtons 

▪ Convert the force in pounds to Newtons, and divides by 3 because the force is evenly 
distributed over 3 ball bearings

◦ R=R*2.54/100; 

▪ Converts the radius of each ball bearing from inches to meters

◦ Rp=R/2; 

▪
1
R '

=
1
RA

+
1
RB

, and RA=RB=R , therefore R '=
R
2

▪

▪ Reduced Radius, for Hertz Contact calculations

◦ Eyr=Ey/(1-(poisson^2)); 

▪
1

E '
=

1
2
[
1 – ν A

2

E A

+
1 – νB

2

EB

] , and EA=EB=E , ν A=νB=ν , therefore E '=
E

1 – ν2

▪ Calculates the reduced Young's modulus, for solving Hertzian contact equations

◦ aHertz=((3/2)*W*Rp/Eyr)^(1/3);

▪ Uses Hertz's contact equations to calculate the radius of the area of contact, assuming all 
elastic deformation

▪ a=(
3W R '
2E '

)
1
3
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◦ omg=RPM*(2*pi/60); 

▪ Converts the top-ball speed from revolutions per minute to radians per second

◦ U=0.5*omg*R; % Contact Speed (m/s) 

▪ Calculates the linear speed of sliding contact at the full specified speed

◦ ndx=nd*(1e4);

▪ Determines the equivalent mass ratio of the 0.01% diamond nanofluid solution to neat 
mineral oil necessary to get the equivalent mass ratio of the lubricant being simulated

◦ k_nd=(1+(K0*exp(Ea/(k_boltz*(Tb+273.15)))))*k_oil;

▪ Determines the thermal conductivity of the 0.01% weight concentration diamond 
nanoparticle solution only

▪ Based on experimental studies, and follows an Arrhenius-like temperature dependence

◦ k_lub=(k_oil*(1-ndx))+(k_nd*ndx); 

▪ Thermal conductivity of lubricant with diamond nanoparticles 

▪ Derived as an average of mass functions of the neat mineral oil and the 0.01% weight 
concentration of diamond nanoparticles, to achieve the desired concentration of interest

◦ Cp_lub=(Cp_oil*(1-nd))+(Cp_d*nd); 

▪ Specific heat of lubricant with diamond nanoparticles (derived analytically)

◦ rho_lub=1/(((1-nd)/rho_oil)+(nd/rho_d));

▪ Density of lubricant with diamond nanoparticles (derived analytically)

◦ TD=k/(rho*Cp); % Thermal Diffusivity (m^2/s) 

▪ The thermal diffusivity of the ball bearing, calculated from the input conductivity, heat 
capacity, and density

◦ TD_lub=k_lub/(rho_lub*Cp_lub); % Thermal Diffusivity of oil (m^2/s) 

▪ Uses lubricant parameters to allow for mixing of diamond nanoparticles

◦ kellip=1; % Elliptical Parameter = a/b 

▪ The initial ellipticity of the contact area

◦ oo = ceil(Mx/2); 

▪ Find the array position in the center of the contact area

▪ Mx will consistently be an odd number

29



Sliding Contact Wear Numerical Model Manual Page 7/19

◦ Calculate the assumed added length WP (meters) to take into consideration the shear yield stress 
of the ball bearing material (Greenwood Williamson theory)

▪ W P=R '(
G yield

E y '
)

2

• where Gyield is the shear yield strength of the ball-bearing material (Pa)

◦ Maximum Hertzian pressure 

▪ PHertzian=
3
2

W

π aHertz
2

 

◦ Calculate the Hertzian deflection

▪ δHertz=(
9
16

W 2

Ey '2 R '
)

1
3

◦ Calculate the ratio of deflection for pressure 

▪ Kh=
PHertzian

δHertz

▪ Uses the Winkler Mattress model to calculate the elastic deformation for a given fluid 
pressure by this ratio

▪

◦ Calculate the normalized radius Rw 

▪ To find the equivalent reduced radius, to normalize the dimensionless film thickness 

• To take into account that the contact is stationary sliding; Hamrock-Downson assumes 
moving rolling contact

▪ Rw=Rp*((2*pi*R/(0.5*Bw/4.5))); Rw=R '
2πR

0.5
Bw

4.5

▪ Ratio of the length of a revolution of the ball, over the approximate wear scar length

• 4.5 is the minimum ratio of wear scar over total domain width
(required to meet the Swift-Steiber boundary condition)
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◦ Calculate the pressure-viscosity coefficient (See viscosity section for details)

▪ α PVC=1.216+4.143( log10ν )
3.0627

+(
2.848

104
b0

5.1903
)(log10 ν )

1.5976
+3.999 ρdensity

0.1162
(log10 ν )

3.0975

• where ν is in cSt, and b0 is the ASTM slope coefficient times 5

▪ For this oil, the ASTM slope coefficient b0 is found to be 0.6363

▪ The viscosity is calculated with the viscosity function (see Viscosity section)

▪ This coefficient is used to find the viscosity changes with pressure following Barus' law: 

• ν=ν0 exp[α PVC P]

• Breaks down when P < 0.5 Gpa

◦ Roeland's theory is used for the Reynolds Equation Solver, where the pressure can 
exceed this level (See Roeland's Equation section)

• Calculate the initial minimum and central film thickness (see loop for details of equation)

◦ The minimum film thickness is used in the iterative solver to find the film thickness function

▪ Determined from the Hamrock Dowson empirical equations 

▪ hmin=3.63 Rw(
μ0U

Ey ' R '
)

0.68

(α PVC E y ')0.49
(

W
E y ' R ' 2 )

−0.073

(1−exp[−0.68κellipse ])

◦ Calculated at the beginning of each time-step throughout the simulation

▪ Instabilities may occur if changes are too dramatic 

• With increasing temperature, viscosity decreases, and thus the minimum film thickness 
would decrease

• With the minimum film thickness decreasing (such as from a temperature increase), the 
thermal resistance decreases (the oil is an insulator), and thus the temperature decreases

• As a result of the temperature increase, the temperature decreases, which can cause 
numerical instabilities unless iteration for a proper average temperature is found

▪ This new version assumes steady temperatures throughout each time-step 

• The only parameter that changes this minimum film thickness is the wear scar radius

• As the wear scar diameter increases, the contact area increases, thus the friction heating 
density decreases, thus the temperature decreases, and thus the minimum film thickness 
increases, resulting in less wear

• Temporally the wear rate decreases slowly in time (after initial running in)
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•

▪ First step is to calculate the flash temperature heating at the surface of the ball bearing

• If Pecelt Number L < 0.1

◦ T f=
μCOF W U

4 k a
, where μCOF is the coefficient of friction

◦ Friction is considered a stationary heat source

• If Pecelt Number 0.1 < L < 5

◦ T f=[0.35+(5−L)
0.5
4.9

]
μCOF W U

4 k a

◦ Friction heating is considered a slow-moving heat source

• If Pecelt Number L > 5

◦ T f=
0.308 μCOF W U

4 k a √ α
U a

◦ Friction heating is considered a fast-moving heat source

▪ Next step is to calculate the temperature distribution within the oil film

• For steady-state heat transfer with heat generation (effectively from the friction)

◦
d2T
dx2 =

−ġ
k lub

→ ġ=
Q̇

π aHertz
2 =

μCOF W U

π aHertz
2  
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◦ T ( x)=
ġ

2k lub

[hx – x2
]+T f

◦ T avg=0.1665
ġ

2k lub

h2
+T f

▪ where ġ  is the equivalent heat generation (W/m3), klub is the thermal 
conductivity of the oil, and h is the film thickness

• The next step is to use this average temperature to calculate the viscosity 

◦ See viscosity section 

◦ The bulk-temperature is used for the oil film thickness to start the iterations

• When a viscosity is determined, a central film thickness is estimated to calculate the 
new temperature profile

◦ An analytical equation based on empirical data is used: 

◦ hc=2.69 Rw(
μ0U

E y ' R '
)

0.67

(α PVC E y ' )0.53
(

W
E y ' R '2

)
−0.067

(1−0.061• exp[−0.73κellipse])

▪ The iterations occur until there is convergence, looping through the following steps

• Take the most recent central film thickness based on Dowson's equation

◦ For the initial start of the iterative loop, use the viscosity estimated at the bulk 
temperature to estimate this thickness

• Use the film thickness to determine the increase in oil film temperature 

• Determine the total film temperature by adding the flash temperature increase and the 
bulk temperature

• Calculate the new viscosity based on the newly calculated lubricant temperature

• Calculate the new central film thickness 

• If the error between the latest film thickness and the previous thickness is less than 1%, 
end the loop, and utilize this temperature and viscosity throughout the simulation

◦ After 1000 iterations, the loop brakes and an alert is prompted

◦ Determine the minimum film thickness from the viscosity calculated by the converged 
temperature of the oil film, and use this initial minimum thickness throughout the simulation
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• Calculate the viscosity 

◦ The viscosity is found through a separate viscosity Matlab function

◦ Coefficients are first found before the time-steps start

▪ It is necessary to know the viscosity of the lubricant at two temperature points, and for this 
to be declared; for example

• T1=297.15; v1=638; 

• T2=363.15; v2=25;

▪ In the separate function, the A and B terms are found for the two closest experimental data 
points, to reduce interpolation error when the theoretical viscosity is found

▪ Find the value of Z at these temperatures

• Z=ν+0.7+exp(1.47 – 1.84 ν – 0.51 v2
)

• ν is in cSt or mm^2/s

▪ Find the coefficients of viscosity for the lubricating oil

• log10 log10 Z=A – B log10 T  

• B=
log10(log10 Z1)−log10( log10Z2)

log10T 2−log10 T1

, or B=
log10(log10 Z1)−log10( log10Z2)

log10T 2−log10 T1

• A=log10 log10 Zi+B log10 T i , where i could be either 1 or 2

◦ At each time step, find the new dynamic viscosity

▪ Calculate the kinematic viscosity

• Z = 10^(10^ ( A – B log10T F) )

• ν=(Z – 0.7)– exp[−0.7487 – 3.295(Z – 0.7)+0.6119(Z – 0.7)
2 – 0.3193(Z – 0.7)

3
]

◦ ν is in cSt, Tf is in Kelvin

• To calculate changes in viscosity

▪ Convert to dynamic viscosity

• μ(Pa−s)=
ν (cSt)

106 ρdensity

• Declare the arrays

◦ In Matlab, if arrays are not pre-declared (as empty matrices), then creating and recreating the 
matrix size dynamically will dramatically increase the computational time
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◦ Most matrices are set as Mx by Mx arrays of zero, where Mx is the number of finite difference 
points in the X and Z direction 

▪ wear=zeros(Mx,Mx);

▪ indent=zeros(Mx,Mx);

◦ Indent is an array to represent the changing depth of the oil thickness as a result of the curvature 
of the ball bearing

▪ r '=√ X2+Y 2=R sinθ , and R – I=R sin θ , therefore

• I=R[1– cos (sin−1 r '
R

)]

▪

◦ Rfct

▪ Determines the distance from the center of the domain to the location of each finite 
difference node 

▪ Rfct(ii,jj)=sqrt((Xfct(ii)^2)+(Yfct(jj)^2));

▪ This is to be used for determining when a finite difference node is within the domain of the 
wear scar

◦ Determine the basis of the pressure function starting with Hertzian pressure 

▪ Determine the Hertzian pressure function

• PHertzian (r )=
3
2

W
π aHertz

2 [1−(
r

aHertz

)
2

]

▪ Iterate the Reynolds solver to find the correct no-wear pressure distribution of the oil

• See chapter on deflection and film thickness model

• Set up parameters for the start of the simulation

◦ Set a as the radius of the contact area, starting at the Hertzian minimum

◦ Set TS (the time step count) at 0
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◦ Set time = 0 at the start of full spindle acceleration

◦ Set dt to dt0 

• Run the simulation (for each time step)

◦ Calculate the new wear scar radius

◦ Calculate the lubricant film temperature, lubricant viscosity, and the minimum 
elastohydrodynamic film thickness

◦ Solve the Reynold's Equation with finite difference to determine the detailed lubricant profile

◦ Calculate the asperities-film thickness ratio profile and resulting wear rate

◦ Adjust the time-step 

◦ Calculate the total wear 

• Save data

At each time-step: 

• Calculate the size of the wear scar

◦ Adjust scar diameter based on where there is some wear

◦ If the wear scar is smaller than the Hertzian radius, adjust to the Hertzian radius

▪ Hertzian is considered a valid assumption for a low or no-wear contact with an oil film 
thickness (ex. Grubin)

• Calculate the minimum film thickness

◦ Uses Hamrock Dowson film-thickness

◦ This will adjust as the temperature increases, and thus the atmospheric pressure (μ0) decreases 

• Calculate the oil thickness function

◦ Iterate for the proper film thickness: 

▪ Determine the deflection based on oil pressure, utilizing the Winkler Mattress model

• δ (x , z)=
P(x , z)

Kh

▪ Determine the oil film thickness

• h(x , z)=2 • I (x , z )+δ(x , z)+Wear (x , z) –min [2 • I (x , z )+δ( x , z)+Wear (x , z)]+hmin

• This assures that the minimum film thickness is the calculated minimum film thickness

• In this equation and model Wear(x,z) is in meters, not volume
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▪ Determine the pressure with the Reynolds solver

▪ Adjust the deflection function δ, and repeat the iteration until there is convergence

• Require a minimum of 5 iterations, and a maximum of 25 iterations

◦ Reynolds Solver

▪ If the film thickness is very thin (at the area of contact), it is reasonable to assume there is 
negligible Y directional changes

▪ The Reynolds Equation: 

•
∂

∂ x
(

ρh3

μ
∂ P
∂ x

)+
∂

∂ z
(

ρ h3

μ
∂ P
∂ z

)=
∂

∂ x
[6ρh (U x)]+

∂
∂ z

[6ρh(U z)]+12
d
dt

(ρh)

▪ If the flow is 1D, the Reynolds equation can be treated as 1D, where

•
∂ P
∂ z

=
∂

∂ z
(

ρ h3

μ
∂ P
∂ z

)=0  

▪ and therefore: 

•
∂

∂ x
(h3 ∂ P

∂ x
)=6μU

∂ h
∂ x

◦ Unidirectional Reynold's Equation

◦ This equation can be used for both Pressure and the Grubin reduced Pressures

▪ This can be derived into: 

•
∂ P
∂ x

=6μU
h – hc

h3

• where hc is the upper film thickness where 
∂ P
∂ x

=0 , typically at the center of the 

region of contact

▪ Convert the pressure differential into a discrete series with Taylor Series Expansion

• P(X i+1)=P (X i)+P'
( X i+1)( X i+1 – X i)+Ō(ΔX 2

)

• P'
(X i)=

P( X i+1)– P(X i−1)

2Δx

• P' '
( X i)=

P( X i+1) –2P (X i)+P( X i−1)

Δx 2
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▪ Using this, we can write the Reynold's equation in discrete linear form

• h3 ∂2 P
∂ x2 +3 h2 ∂ P

∂ x
∂ h
∂ x

=6μU
∂ h
∂ x

• h3 P( X i+1)– 2P(X i)+P (X i−1)

Δx2 +3h2 ∂ h
∂ x

+
P( X i+1) – P( X i−1)

2Δx
=6μU

∂ h
∂ x

• Pi−1(
h3

Δx2 –
3h2

2Δx
∂ h
∂ x

)+Pi(
−2h3

Δx2 )+Pi+1(
h3

Δx2 +
3 h2

2Δx
∂ h
∂ x

)=6μU
∂ h
∂ x

• (Pi−1W i)+(P ia i)+(Pi+1 E i)=Bi

▪ This same 1D equation can be converted to 2D for this simulation

• (Pi−1, j W i , j)+(Pi+1, j Ei , j)+(P i , j−1 S i , j)+(P i , j+1 N i , j)+(Pi , j ai , j)=Bi , j

• W i , j=(
h3

Δx2 –
3h2

2Δx
∂ h
∂ x

)=
h(i , j)3

Δx2 –
3h (i , j)2

2 Δx
(
h (i+1, j)−h (i−1, j)

2 Δx
)

• Ei , j=(
h3

Δx2 +
3 h2

2Δx
∂h
∂x

)=
h (i , j)3

Δx2 +
3h (i , j )2

2 Δx
(

h(i+1, j)−h( i−1, j)
2Δx

)

• S i , j=(
h3

Δz 2 –
3h2

2Δz
∂h
∂ z

)=
h(i , j)3

Δz2 –
3h (i , j)2

2 Δz
(
h(i , j+1)−h(i , j−1)

2 Δz
)

• N i , j=(
h3

Δz 2 +
3 h2

2Δz
∂ h
∂ z

)=
h(i , j)3

Δz2 +
3h (i , j)2

2 Δz
(
h (i , j+1)−h (i , j−1)

2 Δz
)

• ai , j=−2
h (i , j)3

dx2 −2
h(i , j)3

dz2

▪ It is of course necessary to watch for boundaries, and leave out empty data for boundary 
nodes that do not have a node to a directional border

▪ The right-hand side of this equation can discretely be solved as: 

• B i=6μU
∂ h
∂ x

=(6μU)
1
2
[(

h(i , j+1)−h(i , j−1)

2 Δx
)+(

h( i , j+1)−h(i , j−1)

2 Δz
)]

▪ Iterate to solve for the normalized pressure based on the older function for P

• Pi , j=
Bi , j−[(Pi−1, jW i, j)+(Pi+1, j Ei , j)+(Pi , j−1S i , j)+(Pi , j+1 N i , j)]

ai , j

• All finite difference nodes at the boundary are set to 0

◦ Assumed that far from the wear scar the oil pressure is practically nonexistent

• Require a minimum of 2 iterations, and a maximum of 1000
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Dry Contact Pressure (Hertzian) Oil Pressure (Reynolds)

◦ Determine the pressure-viscosity effects

▪ Barus' Law breaks down after 500 MPa; many pressures of interest exceed this level

▪ Roelands equation is used to estimate the equivalent viscosity at each point when solving 
the Reynolds equation

• ν=ν0 exp[α x P ]

• α x P=(
T i−138
T b−138

)
−S0

[(1+
P

1.9608∗108 )
Z0

−1][ log(μ)+9.67 ]

• Z0=
αPVC

(5.1• 10−9
)[ log (μ0)+9.67 ]

◦ Note: uses dynamic viscosity at the bulk-temperature (as the PVC coefficient was 
found at the bulk temperature)

◦ All other equations use the viscosity at the lubricant film temperature 

• S0=β
T b – 138

[ log(μ)+9.67]

◦ where β is obtained from the experimental viscosity-temperature data
ν (T )=ν (T0)exp [−β (T−T 0)]

◦ Have a final determination for the pressure and film thickness function

▪ The pressure can be used to determine the elastic deformation to calculate the film thickness

▪ The film thickness will appear very flat at the area of contact

39



Sliding Contact Wear Numerical Model Manual Page 17/19

▪

• Determine which data nodes are in the region of the wear scar

◦ Done by taking the radius of each data node (found earlier), and determining which are less 
than the calculated wear scar radius

◦ The wear scar radius is defined as the region where wear exceeds the original RMS surface 
roughness of the ball bearings

• Calculate the new RMS surface roughness σ 

◦ Calculated as the RMS of the different wear values as compared to the average wear depth for 
finite difference nodes within the wear scar

◦ This total summation of the difference in wear is squared, summed up, divided by the total 
number of finite difference nodes in the wear scar, and square rooted

◦ The original RMS value is then added to this newly calculated value, and it is multiplied by 
two, as there are two surfaces in contact (the sample ball bearing and the spinning ball bearing)

▪
σ
2
=σ0+√Σ [W (i , j)−W̄ ]

2

Nnodes

◦ If σ is ever calculated to be less than σ0, set σ = σ0  

◦ This is not used for the numerical model, only for tracking and comparison to the optical 
profilometry data

• Find the ratio of asperity contact

◦ A study was conducted to determine the ratio of wear for a given lambda-value (λW)

▪ λW=
h+W P

σ
, where σ is the standard deviation of the asperities height, h is the height of 

the oil film thickness, and WP is the Greenwood Williamson height
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◦ Monte Carlo was used to simulate the asperities

▪ Asperities were represented by a series of random number from -1 to 1, which was then 
normalized by the standard deviation of the random number generator

• This normalization was set so that a random height of 1 represents the RMS asperities 
height (σ)

◦ No actual real values were used in this prior numerical Monte-Carlo study

• The random series were multiplied by an odd exponential power when it was necessary 
to decrease the standard deviation

◦ An odd power was necessary to ensure both negative and positive asperities

▪ All asperities in excess of the specified lambda-value were removed

Before Wear After Wear (λW = 1)
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• Every time this happened, a count was recorded, to compare to the total number of 
random trials, to validate the area ratio

• Every time an asperities exceeded the λW value, the height in excess was recorded

◦ This total height represents the total wear

◦ Wear Volume: V=(
Δx2

N
)σ Σi

N
(hi – λW ) (m3)

◦ where N is the total number of random asperities, and hi represents all random 
normalized “asperities” in excess of λW; all other random asperities are set to zero

◦ The total normalized wear was determined to follow (with reasonable error) an 
exponential decay function, where: 

▪ V N=0.2763 • exp[−1.6754 λW ] , where V=V n • Δx2• σ (m3)

◦ The wear rate at each finite difference node is simply: V̇=V n • Δx• U •σ (m3/s)

• Calculate the time-step to ensure: 

◦ It is small enough that there would not be a wear depth increase exceeding the user specified 
maximum wear per time-step, where dt=dW max/ (

dW
dt )

max

◦ The calculated time-step is not longer than a user-specified maximum time-step duration

▪ Once the max-wear calculated time-step exceeds the maximum time-step, the time-step is 
rounded down once so that the net time function is a clean integer of maximum time-steps

▪ This is not necessary for anything except clean organization of data

• Save all the data within arrays
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Chapter 1

MONTE CARLO MATLAB SOURCE
CODE

• runsim.m: run the parametric Monte Carlo study

• crunch.m: function to complete a Monte Carlo study for a given λW -value

• analyze.m: determine the empirical equation (Eqn. ??) for the normalized
wear from the Monte Carlo empirical data

• analyzeCOF.m: determine the empirical equation (Eqn. ??) for the coefficient
of friction from the Monte Carlo empirical data
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1.1 runsim.m

clear
tic

LambdaFct=0:0.01:3.0; ct=length(LambdaFct);
SubLoop=5;

WearRat=zeros(1,ct); RatErfc=zeros(1,ct);

for ii=1:(ct-1)
Lambda=LambdaFct(ii);
wearX=zeros(1,SubLoop); RatErfcX=zeros(1,SubLoop);
for jj=1:SubLoop

[wearX(jj),RatErfcX(jj)]=crunch(Lambda);
end
WearRat(ii)=mean(wearX); RatErfc(ii)=mean(RatErfcX);

end

save MCdata
toc
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1.2 crunch.m
function [wear,RatErfc]=crunch(Lambda)

% Lambda = (hc + Wp) / Ra

Mx=1e4; pw=5;
if mod(pw,2)==0

pw=pw+1;
end
StdRng=((2*rand(Mx,1))-1).ˆpw; StdRng=std(StdRng);
if Lambda>(1/StdRng)

fprintf([’ALERT - Increase PW!!!!’ ’\n’]);
end

Dat=((((2*rand(Mxˆ2,1))-1).ˆpw))/StdRng;
aa=find(Dat>Lambda); ct=length(aa);
RatErfc=ct/(Mxˆ2);

wear=0;
for ii=1:ct

wear=wear+(Dat(aa(ii))-Lambda)*((1/Mx)ˆ2);
end

end
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1.3 analyze.m

clear

load MCdata

Decline=WearRat(ct-1)/WearRat(1);

coeff=-(1/LambdaFct(ct-1))*log(Decline);
Fct=WearRat(1)*exp(-coeff*LambdaFct);

plot(LambdaFct,WearRat,LambdaFct,Fct)

Error=(abs((Fct.*(WearRat.ˆ-1))-1)); Error=mean(Error(1:(ct-1)));
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1.4 analyzeCOF.m

clear

load MCdata

Decline=RatErfc(ct-1)/RatErfc(1);

coeff=-(1/LambdaFct(ct-1))*log(Decline);
Fct=RatErfc(1)*exp(-coeff*LambdaFct);

plot(LambdaFct,RatErfc,LambdaFct,Fct)

Error=(abs((Fct.*(RatErfc.ˆ-1))-1)); Error=mean(Error(1:(ct-1)));
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