
Appendix S3

Equivalence of the shifting to R(t) and that to R′(t)

According to Eq. (3) in the main body of the paper, R′(t) is defined as

R′(t) = k ·
M∑
i=1

γi i−1∑
j=0

R(t− j)

 .

To prove that the shifting to R(t) is equivalent to the shifting to R′(t), it’s identical to prove the equation:

R′(t) + c = k ·
M∑
i=1

γi

i−1∑
j=0

[R(t− j) + c]

 ,

where c is a constant. The term on the right-hand side of this equation is

k ·
M∑
i=1

γi

i−1∑
j=0

[R(t− j) + c]

 = k ·
M∑
i=1

γi i−1∑
j=0

R(t− j) + γi

i−1∑
j=0

c


= k ·

M∑
i=1

γi i−1∑
j=0

R(t− j)

+ k ·
M∑
i=1

(γi · i · c)

= R′(t) + k ·
M∑
i=1

(γi · i · c).

Since k = 1/(
∑M

i=1

∑M
j=i γj), we have

k ·
M∑
i=1

γi

i−1∑
j=0

[R(t− j) + c]

 = R′(t) +

∑M
i=1(γi · i · c)∑M
i=1

∑M
j=i γj

= R′(t) + c ·
∑M

i=1(i · γi)
(γ1 + γ2 + · · ·+ γM ) + (γ2 + · · ·+ γM ) + · · ·+ (γM−1 + γM ) + γM

= R′(t) + c ·
∑M

i=1(i · γi)
γ1 + 2γ2 + 3γ3 + · · ·+MγM

= R′(t) + c.

Therefore, the shifting to R(t) is equivalent to the shifting to R′(t).
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