Supplementary Material to:

Biological signal processing with a genetic toggle switch

Patrick Hillenbrand', Georg Fritz!2, Ulrich Gerland'"*

1 Arnold Sommerfeld Center for Theoretical Physics (ASC) and Center for NanoScience
(CeNS), Ludwig-Maximilians-Universitit Miinchen, Theresienstr. 37, 80333 Miinchen,
Germany

2 Department of Biology I, Synthetic Microbiology, Ludwig-Maximilians-Universitat
Miinchen, GroBBhaderner Str. 2—4, 82152 Planegg-Martinsried, Germany

x E-mail: gerland@lmu.de

1 Derivation of a reduced model for the JK-latch with indepen-
dent heterodimer binding sites

The reactions describing the genetic JK-latch, presented in Table S1 and S2 can be classified into three
different categories: protein-protein reactions (including protein degradation), protein-DNA reactions
and gene expression (including transcription and degradation of mRNA and translation into proteins).
A full deterministic model can be derived by setting up a rate equation for the mean concentration
of each biochemical species in the reactions. A first step towards a reduced model is to assume the
occupation states of the promoters (that is the protein-DNA reactions) to be in equilibrium with the
current transcription factor concentrations at all times. Since all TF’s act as repressors, we assume that
the only promoter state contributing to mRNA production is the unoccupied one. Therefore the rate

equation for mRNA of, for instance, gene A is,

dm a(t)
dt

= Vma Pa(t) = Ammal(t), (1)

where v,,, is the maximal transcription rate, \,, the mRNA degradation rate and P4(t) denotes the
promoter activity function, that is, the probability of the promoter to be unoccupied and free to bind RNA
polymerase at a certain point in time. Hence, assuming all protein-DNA reactions to be in equilibrium,
Py4(t) describes the equilibrium probability to find the promoter unoccupied as a function of current

transcription factor concentration. This probability can also be calculated by thermodynamic models,



corresponding to [1,2]. Their specific form for the genetic JK-latch is defined in the boxes of Figs. 2 and
3.

As a further simplification, we assume all protein-protein reactions to rapidly reach equilibrium with
the current total concentration of reacting proteins. For instance, for the concentrations of all protein

species containing A and K this leads to the following set of equations®

Atot = A + 2A2 + KA 5 (2)
kA% — kB Ay — N, A5 =0, (3)
WK-A— kKA - )\KA=0, (4)

where we can additionally set K = Ko — KA. After solving this system for the concentrations of homo-
and heterodimers all promoter activity functions in Figs. 2 and 3 of the main text can then be expressed
in terms of total concentrations, i.e., Pa(Ba, KA) = Pa(Atot, Btots Ktots Jtot)-

Altogether, we are left with two equations left to describe the total concentration of each gene product.

For instance, the equations for gene product A are

Lol 1) - Ay () o
mef:f(t) = Vm,Pa(t) = Ama(t). o

As a last step, we set Eq. (6) to zero thereby assuming mRNA translation to be fast with respect to
transcription (we will discuss this assumption in the next section). Solving the resulting equation for m 4

and substituting it in Eq. (5) leads to

dAgo(t)

o = vaPa(t) = Ap A (1) (7)

with an effective maximal expression rate v4 = vy, ,¥p, /Am. Thus, each gene product in our models can

be described by a single effective equation.

INote that we consider protein degradation to occur at the same rate for monomers and dimers (no cooperative stability),
such that the total concentration of a gene product degrades with the same rate as monomers and dimers, see e.g. Ref. [3].



2 Derivation of a reduced model for the genetic J-K latch with

mutually exclusive heterodimer binding sites

Making the same quasi-equilibrium assumptions for protein-protein and protein-DNA as in Section I, the

reduced model of the genetic J-K latch with mutually exclusive binding sites for the heterodimers KA

and JB reads

dAtot

dt

db tot
dt

as0p(B2) Oga(KA, JB) — Aot

ap0a(A2) Oyp(KA, JB) — ABiot

where only the operator occupancy functions of the heterodimers now also depend on the respective other

heterodimer:

Op(Bs) = (1+ By >2 . Oa(Ay) = <1+ Az )2, (9a)

Oxa(KA,JB) = (1

O (KA, JB) = <1 +

KB2 KAz
KA -t
+KKA(1+(JB/KJB))> ’ (9b)
JB -t
Kyp(1+ (KA/KKA))> ' (%)

However, in order to introduce a delay required for a successful toggle operation, the unbinding

kinetics of the overlapping operator sites needs to be slow (see main text), such that the quasi-equilibrium

assumption that lead to Egs. (9a) and (9b) is not strictly valid. To describe the slow dynamics of the

overlapping operator complex we set up the master equation for the occupancy states of the overlapping

operators. There are three states to be accounted for: (i) the binding site for KA is occupied, (ii) the

binding site for JB is occupied and (iii) both binding sites are unoccupied. We denote the probabilities

of these states as x4, ¢sp and qo, respectively. The probabilities equivalent to Egs. (9b) and (9¢) to find

the operator in an unoccupied state are then given by Oxa =1 — qxa and O = 1 — q;p. Taking kop



to be the on rate of both operators and k.g the respective off-rate, the master equations read:

drka = konKA qo — ko dKA (10&)
4B = konJB qo — kot qn (10b)
do = kowt(qxa +qsB) — kon(KA+ JB) qo. (10c)

These equations are controlled by the external variables KA and JB. For given values of these variables,
the system has a unique fixed point, which we denote by (¢} 4.¢%5,4;)- In the fixed point, the right hand

side of Eq. (10) becomes zero, thus we can rewrite Egs. (10a) and (10b) as

dxka = konKA(qo — q5) — kot (qxa — dkca) (11a)

dB = kondB(qo — q3) — kot (¢ — qB) - (11b)

Furthermore, we want to investigate Egs. (10) under a constant toggle signal. Therefore, it is reasonable
to assume that both heterodimers KA or JB are abundant in the system at all times. Then, the effective
on-rates kon KA and k., JB are much faster than the off-rate kog and thus the probability ¢qg to find the
overlapping operator sites unoccupied is approximately zero. Additionally, substituting gx4 =1 — Oga

and ¢y = 1 — Oyp, the approximated equations can be written as

Ora = —kog(Oga — Ofcs), (12a)

O ~ —ko(Oyp—O%p). (12b)

We can identify the fixed points O%, and O%p with the quasi-equilibrium operator occupancy functions
defined in Egs. (9b) and (9c¢), which are functions of the time dependent heterodimer concentration.

These equations can then be solved by variation of the constant:

OKA(t)

/ kosre ™ ("D Oy () dr = / gr(T)O%a(t — 7)dr, (13a)
0

0

O5(1) / kore =R T O% - (7) dr = / (1O (t — 1) dr | (13b)
0 0

with “memory kernel” g (7) = koge %7 Instead of accounting for the initial conditions in an own term,



we formally assume that for all negative times the system is held fixed at the initial point and integrate
infinitely long into the past. This auxiliary assumption also simplifies the initial condition problem for
the delayed dynamical system: for a distributed delay, instead of a single initial value, strictly the entire
history prior to ¢ = 0 has to be defined. Since we are interested in the qualitative long term behavior of the
solution, we assume this history to be a single point from which the system is released at t = 0. Putting
this result back into Eq. (8) leads to the delayed differential equations with exponentially distributed
delay introduced in Fig. 3 Model 2.

Additional delays in the reduced model. For the following stability analysis, we include the
additional delay caused by the translation process. While this is done for the sake of completeness, this
additional delay is about ten times smaller than the delay caused by the overlapping heterodimer operators
and is therefore not considered in the discussion of the main text. The additional delay arises from the
reaction chain between the beginning of mRNA transcription and completion of protein translation. In
principle, these kinds of delay alone can already lead to oscillations [4,5]. Consider the rate equation
for an arbitrary protein concentration A, with regulated transcription, linear degradation and an explicit

equation for its mRNA denoted by m4:

dA
E = Vpma — )\;DA7 (14)
dg;/* = v Pa(t) — Anima. (15)

Here, P4(t) denotes an arbitrary promoter activity function of gene A. Solving Eq. (15) and treating the

initial conditions as above leads to
ma(t) = 2 / Ame T Pa(t — 1) dr . (16)
0

Putting this back into Eq. 14 leads to

dA °
i va / gA(T)Pa(t — 1) dr — XA (17)
0

with an effective expression rate v4 = vV, /Am and a delay kernel g)(7) = Ae=*=7. Thus, taking the
dynamics of mRNA into account, leads to an additional distributed delay acting on the entire promoter

activity function. In a reduced model the protein concentration therefore responds to a change in promoter



activity on a timescale given by the mRNA degradation rate. This is generally valid for any gene
controlled by regulated recruitment. There are, however, mechanisms of gene regulation, involving active
degradation of mRNA [6,7]. In that case, the dynamics of mRNA have to be accounted for by its full

dynamic description.

3 Linear stability analysis on a system with distributed delays

Here we discuss linear stability analysis for nonlinear systems with multiple cascaded exponentially dis-
tributed delays, which closely follows the book of [8]. The results presented here are generally applicable
to any system of that kind. The model system considered here is the simple J-K latch with overlapping
heterodimer operators in Egs. (8) and (9). As discussed in the last sections, it contains delays on the
promoter activity functions P4 and Pp and, within those, on the operator occupation functions Ogx
and O;p. The memory kernels gi(7) and gx(7) of these delays are exponential distributions with rate
parameters kog and A,,, respectively.

To perform a linear stability analysis on our model system, it first is important to note that while
delays change the stability of a fixed point, they do not alter their position with respect to the undelayed
system. This is easy to see: consider a fixed point FP = (A*, B*) of the undelayed system and the
delayed function Dy, o Oga(A), where Dy, abbreviates a distributed delay with memory kernel g. We
assume that the delayed system has stayed in this fixed point for a very long time, such that the delayed

function can be written as

Dy, 0 Oga(A*) = /000 gi(T)Oka (A*(t — 7)) dr (18)

= Oka(4") /0°° gr(T) dT = Oga(A"),

for any normalized kernel gy (7). Therefore, a fixed point of the undelayed system is a fixed point of the
delayed system as well.

To perform a linear stability analysis on the model system Eq. (8), we must take into account that the
dynamic variables A and B occur within different delay integrals and hence need to be treated separately

in the linearization around a fixed point FP. Therefore, we categorize A and B by the delays acting on



them. The model system is

(19)

A =
| 03B, ( J A I e N N ). dT'> dr = ApA
0 0
B= (20)
| @103 =) ([T 00— 7= 7 By (e 7= ) dr 0,
0 0
which can more formally be written as

A = f(A By, Ag . B ,) s (21)

g,k

o-
I

h (B,Agx,Ag%k,Bg%k) . (22)

Here, variables with subscript g, occur in functions, which are delayed only by mRNA degradation,
whereas variables with subscript gy  are delayed by mRNA degradation and the off-rate of the overlapping
operators. We now can linearize the system around a fixed point FP = (A*, B*) and obtain linear

equations for small deviations A = A — A* and B = B — B*:

dA of . of - of . of _
—_— = = A+D, o B+ D, o A+ B , (23)
dt 0A FP ” ( aBgA FP " ( 8AQA,k FP aBg)\,k FP
dB oh| - oh - oh - oh -
— = —| B+D, o =— A+D, o| =—=—| B+ A , (24)
dt 0B FpP ” ( aAQ/\ FP ” < 8B9A,k FP aAgA,k FP ) )

A

where Dy, denotes a delay with kernel A,,e”""" and D, a delay with kernel koge %ot Since the

position of the fixed point does not change for delayed variables, all partial derivatives are evaluated in



the same point FP. Taking into account that the functionals D are linear, the system can be written as

A _ of| 4
dt 0A | pp
+ %FPDQAOBJFJLFPDngngoA+£iJcFPDngngoB, (25)
dB onh| -
E ] P
+ ai}; o D,, 0 A+ mg:k . D,, 0D, o B+ ajg}:k . D,, 0D, 0 A. (26)
Herein, the delayed variables take the form
oo
Dy, 0 A = /O Xe MA(t —7)dr, (27)
Dy, 0Dy 0 A = 000 Ape=AmT (/000 koge "ot At — 1 — 1) dT') dr. (28)

We make the usual ansatz for a linear system: A = cye?t and B = cge* with z € C to be determined.

Upon this ansatz, the delayed variables become

Dy, © A= cA/ Ame AmTe(t=T) — cAeZt/ Ame AmTe*T = A x L(ga(7); 2), (29)
0 0

where L£(gx(7); z) denotes the Laplace transform of the delay kernel. This holds for any normalized delay

kernel. Since gy (7) is an exponential distribition, its Laplace transform takes a particularly simple form:

Am P . v
L 12) = = D, 0A=A . 30
(9a(1) ) = 12 o A= AT (30)
Variables with two delays can be evaluated in a similar way:
Dy, 0Dy, © A = cA/ Ame T (/ koffe_k"f”/ez(t_T_T/) d7/> dr
0 0
- oo o0 ,
= A/ Ame M Te T dr % / koge Fort™ e 72T d7!
0 0
< Am ko
= A i (31)

A+ 2 kog + 2



Putting these results back into Eqgs. 25 and 26 yields a linear equation for the coefficients c4 and cp:

of of Am_ _Kosr Of _Am of Am_ _Korr

CAZ - 0A 0Agy , Am+z kost+2 OBP Atz + 0By, }, Am+z kott+2 ca (32)
Ccnz Oh_ _Am Oh Am __kott Oh + Ooh Am  _Kotr c
B Ag, Am+z " 0By, , Am+z kortz 9B T BBy, , Am+z ko tz B

Note that all partial derivatives have to be evaluated at the fixed point under consideration. Subtracting
the left hand side from the diagonal elements of the right hand side leads to the familiar form a an
eigenvalue problem. Here, in contrast to a common linear stability analysis, additional polynomial terms
are incorporated, representing the delays. In order for the system to have a solution, its determinant has

to be zero. Thereby we obtain a characteristic equation for the exponents z.

af Of  Am _kost Of _Am Of  Am _kost

9A T 94, Ntz Roritz ° OBD Xtz T 0By At Forit+z

Oh _ _Am + Oh Am _ _kott Oh + Oh Am_ _kost
BAg, Amt+z | 0By, o Amtz otttz OB 1 0By, , Atz Kotz

=0. (33)

—z

Evaluating the determinant, we obtain a polynomial of 6th order in z. In order for the considered fixed
point to be stable, each solution of Eq. 33 must have a negative real part. The timescales of the system
considered here are given by 7y = 1/\,, and Tx = 1/kog, which are the mean values of the memory
kernel. These characteristic times are usually referred to as the mean delay [8]. Written in terms of the
mean delay 7, the Laplace transform of an exponential distribution becomes 1/(1 + 7z). Thus, if the
delay is small, its contributing terms in the characteristic equation are close to one and therefore do not
change the stability of a fixed point. In the following we will employ the derived method of linear stability

analysis to investigate the genetic JK-latch with overlapping heterodimer operators.

4 Analysis of deterministic and stochastic oscillations in the ge-

netic JK-latch

To analyze the stability properties of the genetic JK-latch with overlapping heterodimer operators for a
certain choice of parameters and concentration of input proteins Jiot and Kiot, we applied the following
procedure using Mathematica (Wolfram Research, Inc.): (i) calculate the concentrations of all homo-
and heterodimers using Eqgs. (2)-(4). For the stability analysis we manipulate the concentration of input

proteins Jior and Kyt directly, instead of controlling their transcription rate. (ii) Find all fixed points by
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setting Eq. (8) to zero. (iii) For each fixed point solve the characteristic equation defined in Eq. (31). If
the real parts of all solutions of the last step are negative, the fixed point is stable otherwise it is unstable.
(iv) If necessary, characterize the system’s qualitative behavior (e.g. oscillatory) by solving its equations
numerically. Employing this scheme for different parameter values we identify two important bifurcations:
the system undergoes a Hopf bifurcation [9,10] if the concentration of input proteins Jiot and Kiot is
increased (see Fig. S2), then is oscillatory for a certain concentration range until it becomes stable again.
Additionally, the system exhibits another Hopf bifurcation if the mean delay time is increased (i.e. the
parameter kog is decreased), while a constant toggle signal is applied. This is illustrated in Fig. S3A: at
a critical operator dwell time 7.,;; = 32 min the system becomes oscillatory with a period that increases
with the dwell time.

In the form we set up the reduced model for the genetic JK-latch with overlapping heterodimer
operators, we couple the dynamics of protein concentrations with the intrinsically fluctuating switching
of operator states. Therefore, although the deterministic model provides valuable insights into the working
principles of the circuit, the quantitative period of the stochastic system is not correctly reproduced. This
is shown in Fig. 3B, where it is apparent that the average of the stochastic period is much shorter than
the period of the deterministic model. Also the stochastic system displays oscillations in a regime of
short heterodimer dwell times, in which the deterministic system does not oscillate at all. In fact, it
is known that a small number of reactant molecules together with negative feedback and time delay in
gene expression can lead to delay-induced instabilities, such that a system turns oscillatory even when
its deterministic counterpart is not [4].

If the delay (dwell time) is long, the strength of the toggle signal is chosen appropriately and the
signal duration is well timed, then high probabilities of a correct toggle response can be achieved — as

can be seen in Fig. S4A and B.

5 Genetic master-slave latch

We extended the reaction system of the JK-latch to a master-slave latch by adding additional regulation
of the signal genes J and K — see Table S4. This was done by firstly including homodimerization of
signal proteins. Jy and K5 bind two operators on the promoter of the respective other gene to repress

it. Additionally, gene J is repressed by heterodimers K A by binding to a third operator in its promoter
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region, while gene K is repressed by JB in the same way. Notably, the restrictive promoter layout of
the overlapping heterodimer operators on genes A and B with very slow unbinding rates is no longer
necessary in the master-slave latch and is changed to independent operators with normal unbinding rates.

With this additional regulation, signal genes J and K become bistable when their maximal tran-
scription rate is increased externally (by the toggle signal) and thereby form the master toggle switch.
Then, the master toggle switch settles into a state that is determined by the current concentrations of
heterodimers and therefore by the current state of the slave latch. Dependent on the operator strengths
for homodimers and for heterodimers two kinds of erroneous responses are possible upon a toggle sig-
nal: If homodimers bind to strongly with respect to heterodimers, then the master switch is prone to
stochastic fluctuations at the onset of the toggle signal and biased towards that signal protein which is
first abundant enough to form homodimers. If, on the other hand, heterodimer binding is too strong,
random single bursts of the repressed signal gene can be sufficient to switch the state of the master latch.
Fig. S4C shows the toggle probability as a function of those key parameters for a toggle signal duration
of 60 min. It can be seen that the master-slave latch is robust in that sense, that it responds correctly

for a broad range of those parameters.



JK-latch with overlapping heterodimer operators

Promoter and operator states

o
Pal- |-+ By —2225 P4|Bs|-

k
Pyl |- +By 222 P4l | B,

on

Pal-|By + By —225 P4 |By| By

on

k
Pa|Bs|- +By —2£25 P4|By| B,
on
Ppl |- +Ay —2425 Pg|Ay)-

Prl-| +4s 2222, py|. |4,
Pp|-|As + A %PB|A2|A2
Pyl As| +45 -2%2, ppiay|A,
Of- |- +Kk4 225, 0|k A|-
Of- |- +JB 2, 0. |18

PA‘B2|'&>PA|'|'+B2
Pal-|By % Pyl |- 4By
PalBa|B2 =2 Pal 1By + By
PalBa|Bz ~222 Py |By) 4B,
PB|AQ|-i:‘j>PB|~|~+A2
Pgl-| Az %—Ajf>PB|'|'+A2
Pp|Az|As % Ppl-|As 4 Ay
Pyl As) Ay 2222, P Ay + A,
O|KA|~%O|-|-+KA
.

k
O|-|JB =54 O|-|-+JB

12



13

Dimerization

24 X4, 4, J+ A KA
2B 2, B, K+ B, 1B
As Lff>2A KAiJ—FA
By ﬂ 2B JB ﬂ K+ B
Turnover

ma 2, g A5 250

mp T2 g *—w)

my 2 ) 0

mi 275§ A—>@

A2 2
B0 =y
Transcription and translation

Py SN —— P;y+my mAVp—A>mA+A
PK—>PK+mK mBUP—B>mB+B
Pl |- 40| |- 25 Pl |- +O)- | +m my Ly g+
Pgl|-|- +O|-| =2+ Pg|-|- +O|-|- +mp mi 5 my + K

Pa|-| +O|- |JB 2245 Py|-|- +O|- | JB + ma
PB||+O|KA| mB PB| | +O|KA| -|—m3

Table S1. All reactions involved in the genetic JK-latch with overlapping heterodimer binding sites.
A graphical representation of the reaction network is shown in Fig. S1. Proteins and their dimers are
denoted by capital letters; transcripts of a gene X are denoted by mx. A gene X is represented by its
promoter Px, which can be occupied by transcriptions factors. Each occupation state of a promoter is
represented by an own species of reactants for which an empty operator is indicated by - and an
occupied operator by the name of the respective transcription factor. In this notation the different
binding sites are separated by the symbol |. To reduce the number of occupation state combinations the
operator complex for heterodimers is separated from the other promoter states and denoted by O. To
make transcription nevertheless conditional on heterodimers, we include the respective species for an
empty binding site as reactant and product into the corresponding transcription reaction. This ensures
that transcription requires an empty heterodimer operator to proceed but does not change its
concentration. All corresponding parameter values are listed in Table S3.

Additional reactions in J-K latch without overlapping heterodimer operators
off

kS k
O |JB + KA 2%, O|KA|IB O|KA|JB —254 0| |JB + KA

off

kOn
O|KA|-+JB -2, O|KA|JB O|KA|JB =225 O|KA|-+JB

Table S2. With independent heterodimer operators, heterodimers can bind simultaneously to their
binding sites. All other reactions are the same as in the JK-latch with overlapping heterodimer
operators, listed in Table S1.



Parameter Value Description and References
Transcription
Vs Vmp 5 min~! strong promoter [11]

Vmys Vmg

Translation

Vpas Vpp> Vpysr Vpk
Degradation

Am
Ap
Dimerization

on on on on
kA ’ kB ’ kKAv JB
A AN

Protein-DNA binding

on on
kOAz’ koBz

off off
kOAz’ kOBz

on on
kOKA ’ kOJB

off off
kOKA ’ kOJB

(0.01 — 1) min~*

0.23 min~!

0.23 min~!

0.138 min~!

0.2 nM tmin~!

2 min~!

0.2 nM‘'min_;

2 min~1!

0.2 nM tmin!
0.0126 min~!

inducible promoter [11]; induction can be
achieved e.g. by upstream binding activa-

tors [12] or via small non-coding RNAs [13]
corresponds to a burst factor of b = 10 [14]

active degradation by RNase [15]; half-life
of 3 min
active proteolysis by SsrA-tags [16]; half

life of 5 min

assumed to be diffusion limited [17]

typical value for dimerization

assumed to be diffusion limited [17]
modified operator sequence assumed; pa-
rameter in the range of tet-Op binding
strength [18]

assumed to be diffusion limited [17]

very slow off-rate assumed [19, 20]

Table S3. Values and references for all parameters used in the reactions of the genetic JK-latch.
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Additional reactions in master-slave latch

Promoter and operator states

.on

Pl |-+ Ky —2525 P)|K,|-

on

Pyl |- +Ky =2 Py|- | K,

Py|-|Ks + Ky —525 Py |Ky| K,

on

Pj|Ks|-+ Ky —2525 Py K| K,

on

Pl |- +Jo =225 Pyc| |-

on

Prc|- |- +J2 =2 Pyl | Ja

on

PK|~ |J2 + Jo Soi) PK|J2|J2

on

Prc| |- +Jo =222 Prc|Jo|Jo

on

O, +KA "2 0,|KA

on

Ox|- +JB “225 0y |JB

off

Py K| —2525 Py |-+ Ky

off

Pyl |Ksy k2, Pyl |- +K>

off

Py K| Ky —2525 Pyl | Ky + Ko

off

Pj|K3| Ky OKz, Pj|Ks]- + K>

off

Prc|Jo|- =224 Pg|- |- +J3

off

Prc|- |y =22 Pic|-|- +.J2

off

PK|J2|J2 Soi) PK| |J2 + Jo

off

Prc|Ja|Jo =225 Pe|Jo|- +Jo

off

04|KA 22545 0, +KA

off

Ox|JB 2% Ok|-+JB

Dimerization

on off
2J 25 J, Jo 252

on off
2K 255 K, K, 255 2K
Turnover

AP )\P

Jo 0 Ky 2250
Transcription

Pyl- |- +0y|- LN Py|- |- +Oy4|- +m

Table S4. Additional reactions involved in regulation of genes J and K. All other reactions are the

Pg|- | +Ok]|- K. Pg|- | +Ok |- +mx

15

same as in the genetic JK-latch with independent heterodimer operators. Values of new parameters are

listed in Table S5.



Parameter Value Description and References

Transcription

Vi s Vinge (0.05 — 5) min~!  strong inducible promoter [11]; induction can
be achieved e.g. by upstream binding activa-
tors [12] or via small non-coding RNAs [13]

Dimerization

s, s 0.2 nM~tmin~!  assumed to be diffusion limited [17]

sgﬂ, soff 2 min ! equal to dimerization of A and B

Protein-DNA binding

5001 SO%s 0.2 nM~'min_;  diffusion limited [17]

s‘gfn, S‘gfm 2 min~! optimized for highest toggle probability

SO%ar SO 0.2 nM~'min~'  binding to the operator on the promoter

sgt sl 0.35 min~! optimized for highest toggle probability

Changes in slave circuit

off off fo—
k&ns KO p 2 min

1

use same binding strength as homodimers

16

Table S5. Additional parameters used in the genetic master-slave latch. Instead of the symbol & for

rates in the slave circuit, the symbol s is used for rates of all addtional processes (dimerization and

protein-DNA binding of signal proteins) in the master circuit. Since a delay in heterodimer binding is

no longer needed, the assumption of very slow unbinding kinetics of heterodimers from promoters of

genes A and B has been released.



Ap Ap
A Ka
A A
A A
v,
Pa
Am Kos;
N —
va
Kia BB, /BB

Oxa OJB
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Kg B

KOAZ g

AA, [AA )8

gene A Og,
mwal exclusion

Vg £ )\p
2t Ny

gdm

gene K

gene B
OJ B

\
QAV %\m—}‘m»g

: ‘m

gene |

Figure S1. Schematic of the reaction network of the JK-latch with overlapping heterodimer
operators. All reactions contained in the model are depicted together with their rates. On- and off-rates
(k°™ and k°T) are combined to dissociation constants K = k°f /kon.
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A B
400 T 0.02 £
500l 001
n O 5
. £-001]
-200¢
-0.02}
Ci C
QOO 0,03 i i
10+ 102 10° 102 10+ 102 10° 102
‘Jtot’ Ktot [nM] Jtot’ Ktot [nM]

Figure S2. (A) Bifurcation diagram of the genetic JK-latch with overlapping heterodimer operators.
The relative position of the system’s fixed points is shown with the total concentrations of input
proteins Jior and Kot as synchronously tuned bifurcation parameter. (B) Value of the critical root
calculated in the linear stability analysis, presented in Section 3, for the upmost fixed point (ON state)
in Fig. (A). The root is critical in that sense that it is the only solution of the characteristic equation,
which becomes positive for certain values of Jiot/Kiot. Starting from a low concentration of input
proteins the system initially has two stable (solid line) and one unstable (dotted line) fixed point. The
upper stable fixed point represents the ON state, whereas the lower one represents the OFF state. As
the concentration of input proteins is increased, the two stable fixed points loose their stability at a
critical concentration ¢, after which delay induced oscillations commence (orange lines). At input
protein concentration co the three fixed points collapse to one. That, however, does not alter the
system’s oscillatory behavior. At concentration c3 the system’s single fixed point becomes stable again.
This is due to depletion of homodimers by increasingly forming heterodimers, which eventually
abolishes the switch-like behavior of genes A and B.
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Figure S3. (A) Frequency of the race condition as a function of the average dwell time 7 of a
heterodimer on the overlapping operator complex (inset shows the period of the same). At a critical
dwell time 7.+ ~ 32 min the system undergoes a Hopf bifurcation and thereafter oscillates with a
period that is approximately linear in 7. (B) Average period of the stochastic race condition as a
function of the mean dwell time 7. In comparison to (A) the stochastic system oscillates even for small
dwell times (although with very low amplitude) and has a shorter period than the deterministic model.
The latter is due to the fact that the deterministic model couples the dynamics of protein concentrations
with probabilities of operator switching, which has a distorting effect on the oscillatory dynamics.
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Figure S4. Toggle probability pioggie as a function of key parameters. Contours indicate equal
probability to toggle successfully into the complementary state. Each data point (a grid of 30 by 30 per
plot) is estimated by testing the final state of 5000 simulation runs of the respective full stochastic
model. (A) Dependence of pioggie 0n the duration T and the strength of the toggle signal in the
JK-latch. Here the strength of the toggle signal is tuned by a concerted variation of the transcription
rates of genes J and K, i.e., v; = vg = v. (B) Dependence of poggie on the duration T' of the toggle
signal and the off-rate kg for unbinding the overlapping operator sites. As expected, poggie increases
as the delay (dwell time of heterodimers on the binding site) is increased. (C) Dependence of pioggie in
the master-slave latch on the additional rates s9, sS, for unbinding the homodimer operators and s%%,
9, for unbinding the heterodimer operators in the additional toggle switch (master latch). The
master-slave latch is robust in that sense that piogg1c is high for a broad range of parameters.
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Figure S5

Dynamics of the deterministic model of the master-slave latch. (A) Phase diagram of the toggle switch
as a function of the effective maximal transcription rates 7a and g. The parameters are chosen such
that the system is in the bistable regime in the absence of input signals (point O) and the circuit is
set to the ON state initially. The curves indicate dynamic changes of 74 and g, incurred by applying
the toggle signal (simultaneous expression of both input genes J and K) for 200 min (green solid curve)
and then releasing it (red curve). In contrast to the JK-latch, even if the toggle signal is applied a
long time, the system enters the correct monostable regime (A low, B high), switches to the OFF state
and returns to the bistable region without approaching the other monostable regime. In particular, the
master-slave latch does not oscillate, even under a continuous toggle signal. (B) The same trajectories
in the ([Atot],[Btot])-plane.
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