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Stationary solutions for a single female ratio

When we consider a single female-ratio allele and a single male mortality rate only, the model reduces to
the mean-field equations of Tainaka et al. [1]:

OF = 0(1—N)FM — pcF
oM = (1—0)(1—N)FM — puM | (S1)

where the total global density N = F'+ M. For clarity we have dropped subscripts for the resident group.
These equations, in general, can have three fixed points. One of these is the equilibrium at extinction:

(F°,M°) =(0,0) (52)

To obtain the non-trivial fixed points, we first manipulate the two stationary state equations, Egs. (S1),
to write a simple quadratic equation for the stationary total density,
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Finally, for the non-trivial female and male densities at equilibrium, we have
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For D > 0 all three fixed points are real. The trivial (zero density) solution [Eq. (S2)] and the “+”
solution [Eq. (S6)] are locally stable, separated by an unstable (saddle) fixed point, the “—” solution in
Eq. (S6) [the stability of these fixed points can be easily analyzed by linearizing Eqgs. (S1)]. For D < 0,
however, only one biologically meaningful (real) fixed point exists, the zero-density solution [Eq. (S2)],
and extinction is always stable.

The biological significance of the structure of the above solutions is two-fold [1]. First, for D > 0,
the system exhibits the Allee effect. Unless the (initial) population density is sufficiently high (N(0) >
N7), the population goes extinct. Second, provided that \/gs + \/fm < 1/2, there is a finite interval
Oc1 (1£, i) < 6 < Oea(pug, fim), where D(ug, fim, ) > 0, i.e., where the population can persist at equilib-
rium (see Fig. S1). These boundaries, functions of the culturally transmitted mortality rate, are given
by:

1+ 4dps — 4pm) £ /(1 4+ 4ps — 4 )? — 1605
Oc1,2(ptt, fim) = ( ) \/(2 ) . (S7)
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Figure S1. Stationary total population density in the single-allele model [1] as a function of female
ratio at birth, for various mortality rates. (a) For identical female and male mortality rates; (b) female
and male mortality rates differ.

Between the two critical points, at

-1 (S8)
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total global density exhibits a maximum

Nmax _ N+(9*) — 1+ \/1 B 4(;//Tf+ \/E)2 (89)

where the female to male density ratio is F*/M* = \/m/ us.

Stationary solutions for competing groups

The four equations describing the competitive dynamics,

oFy = 01 (1—=N)F (M + M) — pueFy
M2 M1
OMy = (L=N)|(L=0)Fy [ Mi+ == )+ (1=02) B { —= )| —
OF> = 03(1—N) Iy (M + Ma) — pek
M M.
My = (1-N) {(1 —02) Fy (71 +M2) +(1=601)F (%)} — My, (S10)

are considerably more complex than those of the single female-ratio case. Some of the fixed points,
however, directly reflect those of the single-allele case. We obtained the remainder algebraically. Of
course, the competitive dynamics has the trivial fixed point where all densities vanish.

Type-I fixed points: genetic and cultural exclusion

The system admits stationary solutions where one allele and the associated cultural trait are excluded,
and the other allele has two non-zero fixed points: the “—” solutions in Eq. (S6) are always unstable,



while the “+” solutions are stable if the male mortality rate of the allele with the higher female ratio is
less then twice the male mortality rate of the other allele. For example, when allele 1 is excluded, these
two fixed points are

(Flilei) = (070)
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where N+ is given by Eqgs. (S4) and (S5) with i, = p2 and 6 = 65. Further, the “+” solution above is
stable provided that puo/pu1 < 2 and 6 > 6;. The stability of these fixed points was checked numerically.

Considering the two symmetric cases by interchanging the extant allele/culture with that excluded,
we have four fixed points of this type. We refer to stable fixed points of this type [i.e., where the densities
of the extant allele are given by the “+” solution in Egs. (S11)] as type-I fixed points.

Type-II fixed points: cultural coexistence

Next, we obtained fixed points not related to those of the single-allele dynamics. Numerical exploration
never revealed coexistence of both alleles and both cultural trait values. However, we did find equilibrium
populations with a single female-ratio allele and a male cultural dimorphism. Consider, e.g., F; = 0. The
remaining equations for the stationary state then become

0 = (1-N)(1-06)F (%>—M1M1
0 = 92(1—N)F2(M1+M2)—,ufF2
0 = (1 — N) (1 — 92) F2 (% + M2> — ,UQMQ y (812)

where the overall density is now N = M + My + F,. After some tedious algebra, we again find a simple
quadratic equation for the overall density:
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The fixed points follow from Eqs. (S12) after some further elementary manipulations
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These fixed-point densities are biologically meaningful (real and positive) if D > 0 and wa/pr > 2. The
“—” solution above is always unstable, while the “+” solution can be stable if #; > #; and a number
of other necessary conditions are satisfied (described below). We refer to stable fixed points given by
the “+” solution in Eqgs. (S16) as type-II fixed points of the two-allele system. The necessary conditions



for existence of these stable fixed points are \/ff + /211 < 1/2 [from Eq. (S15)] and pa/py > 2 [from

Eq. (S16)]. In this case, there is a finite range of écl(,uf,,ul) <0y < écg(,uf,ul) where ﬁ(uf,ul,t%) > 0,
so that cultural coexistence persists. The boundaries of this coexistence region are given by:

: (1+ 4pus — 8un) + /(1 + 4 — 8u1)? — 1645

Oc1,2(ps, 1) = 5 (S17)

Within this regime, the overall population density is maximal at 05 = 1/(1 + /2u1/p¢) and the overall
female to male density ratio is Fy /(M +M3) = \/2u1/ue. The stability of these fixed points was checked
numerically. Interestingly, at the stable fixed point in Eq. (S16) the male density ratio is My /My =
w2/ 1 — 2; hence the relative abundances of the male cultural trait values do not depend on the female
ratio.

Analogously, one can obtain fixed points of the same form as above by choosing F, = 0 and simply
interchanging indices 1 and 2 in all respective expressions. Thus, combined, there are four fixed points
of this sort (consisting of both females and males of one group and only males from the other group).

Considering all of the above, we have nine fixed points of Eqgs. (S10). Furthermore, a check with
Mathematica [2] assures that there are no other fixed points.

Asymmetric cultural transmission in cross-cultural mating

One can generalize the homogeneous mean-field equations (S10) to capture asymmetry in the biparental
transmission of the cultural trait in males [3]. Cavalli-Sforza and Feldman [4] point out that vertical
cultural-transmission probabilities can vary across different combinations of parental phenotypes. In our
model, male offspring resulting from mating of a female of group ¢ with a male of group j acquire the
cultural trait of group 4 or group j with probability p and ¢, respectively (p+ ¢ = 1). The corresponding
equations then read

0Fy = 0, (1—N)F (M + M) — ueFy

oM, = (1—N)[(1—06y)Fy (My+pMs)+ (1 —02)qFeM;y] — pi My

o Fy = 05 (1—N)F2 (M1+M2) — peFo

OtMy = (1= N)[(1—62) F> (pMy + Ma) + (1 — 601) gF1 Ma] — pa Mo . (S18)

The above equations allow for the same type-I fixed points as their symmetric counterpart Eq. (S11), with
no change of the form of the stable density of the surviving group (e.g., in complete invasion/exclusion).
The stability domain of this fixed point changes however (see below).

Type-II fixed points, corresponding to cultural coexistence are also possible, given by the solutions of
the following equations (e.g., for Fy=0, M1#£0, F»#£0, My#0),

= (1=N)(1—62)qFoMy — 1My
= 92(1—N)F2(M1—|—M2)—ufF2
(1= N)(1—62) F> (pMy + Ma) — pa Mo . (519)

The corresponding fixed points then become
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where p =1 — g and

N (S21)

. 1+VD
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with

The above equations imply that type-II stable fixed point (S20) can only exist for \/ur + /p1/q < 1/2,
p2/p1 > 1/q, and s > 01, provided that Ocq (u, 11, q) < 02 < Oco(pis, 11, q),

; (1 +4pe — 4 /q) + /(U + 4pe — 41 /)% — 164

Oc1,2(12, 15 q) = 5 : (S23)

These conditions define the region where cultural coexistence persists. In this region the ratio of coexisting
cultures [male density ratio for fixed point (S20)] is My /M = (q/p)(p2/u1 — 1/q).
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