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biems with Minkowskd distaoace andels

in multidimensional szaling

Raymond 7. Koopman and Mary

Sdmon Frasaer Undwersity

We stsrt by consldering the end polnts of the Minkowekl contl
ai&ywbiack spage {r » 1) and domingoce space (¢ = &D), and assert thai any
sat of interpoint distances in a city-block space of m dineosions can ba
reproduced exzactly by a conflguration of poikis ir 3 domivance space of

RO
nf ow 2 dimensions.

If 4 18 an n x ®» matrix glving the coovdinates of n points dn g clty-bluzsk
spacz of m dimensions, then the n x 2% matviz A% giving the zoordinates of the
points in 8 dominence spass of w® dimemazions wmay be sbralned by teking A% <. AH,
where H is a selsction of m rows from the genersl Hadsmard matrix of ovder m®. -
The general expression for the elemenis of H is

{q-1)/{2"F)

how (el
» {~1) 5

where the division coperation in the exponzal should be teken sg ylelding an

integer quotient, dropping aay remalnder. H iz composed sntdrvely of +1's and
4y o s - ﬂ”"”’ e 13 P

~1's. The p’th row of ¥ consists of 2°¥ * runs of +1's and ~178, with each rum

; L) Sid " ;
of length 2 P, Pach row starts with a +1. A smmpie H for m = 4 is given below.

11111 1 11
11 3 1 ~1«l~i-]
1 3 ~8~1 1 1=}l
i=1 1«1 11 1~}

o= L . .
Each columm represents one of the 2 posetble permutations of sigs of wel wmis
elements 12 rows 2 throuh my all such permutations are present, and none ore

duplicatad.
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The proof of our sssariion now follows quite easily. The distancs between

points {4 and § in eit ymbioak space is glven by
13

) gsgim% .

The distance betwean points 1 and 3 in the dominance apace obtalned from ciiy-~

d,, = £ 3
p

bloek space by che above transformation is gilven by

afy = mgx jof, - a?flg
i m?i‘*i %ﬂaiphm - %" ajphpqg
= { Yh E = ; i f’w;?
”%”‘3%1 *1p” *1p”" "pq ’”g% % ifp P@j
B mgx %zgjq% N

Since the columas of H vepresent exactly half of the 2" possible permutations of

gign of m elements, there will always be at least one colum, say q°, in H in

which the signe are eiéhér 31l the same as the signa of the cijp or all opposite
{1f ¢, # 0 for all p, then there will be exactly

13p° iip o

ong such columm q'.) Clearly then gcijq,gm dij s  Moresver, since gcgqui = %cgqu

for a1l q ¥ ' , w2 have c?jq’% - dij . and therefore dgj‘w dij s which was

to the signa of the ¢

what we get oul Lo prove.

Thus, any 2~diseasional city~block space can be transformed inte s Z-dimensional
deminance space without alteving sny of the interpoint distances, Similarly,
3~ and b~dimensional city-bloek apaces can be tvansformed into 4~ and 8-~dimensional
dominance spaces, respectively.

This relation is noi generally reversidble. That 1s, even if a dominance
spate i3 of a dimensionality which can be expressed in the form ™1 for some
integer m, it will not generalily be possible to tramsform 4z into a city-block
space without also sltering the interpolat distances: although the zows of 3 are
orthogonal, the columns are linzarly dependent unless m » 2, This allows an
alternstive interpretation of A* gs the projections of the points onto n* non-
orthogonal axes placed through the city-block space by the tranaformation H.
When looked at this way, it 48 sesn that each domipnance axis 1s a vector noxmal
to a pair of opposing gaces of the eity~block isodistance surface.



in 2 diwensions, however, H is sgsare sad both wow- and colusmeorthogonal.
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In this cage, 1t represexts & rigdd 457 roiasion sod umliorm contrection of the

1

and an luverse trensforsation doss exlst. Hews we have a perisct exauple

b4
of the pavemorphic vepresentation problem: in 2 dimensions it is inpegsibla to
tell whether & eilty~block 7uls o o doninance rule s appropriate, since each
a trensformation of the othey mathematically, in spite of the fact that they

may be quite different psychologleally. In hizher dimensionalities the pxoblem
82111 exists, but not to the smwe degpreas io ovder o replsce a city-blech space
by 2 dominance spaca, we have to be willing to put up with an Inevesss in the
nusber of dimenalons,

8o far we have consideved saly the Liulting values of the metrie consiantg.

Do gimilar zesulzs hold for intermedisfe valuss 1€ v<€ e 7 In geneval, wa

do not know, We can say, though, that if any Z-dimensional solution with a2
metrie constant T is rotated 43° and glven an sppropriaze amount of expansion

¥ eoptraction, and 4f a new metfrdic comstant v® w x/{z-1) 48 used, then the vatio
of tha distance d* beltwean ony two polntz dn the trzasformad space ovay the
coryespé@%ﬂing digtance d between ths ssma wwo polats in the original space
will'SQ&gafy the inequalicy

. » A% , ] :
ToMEss e A R e A L0

T
where T, i3 & constant that dapends oo . We do not have a striet mathematical
proof of this statement; the demonsztration depends on numerleal, rather than
analytice, results.

It will be noted that the Fformula given sbove for v% faplies that
r 4+ 1/e® = 1.,
Thavefors ¥ end r? alvays lie on opposife sides of 2. It Is also possible to
express both v and r® as funetions of 8 single psraneter, say £
t

sl ha s,

rwlé e

Since £ = 0 generates ¥ » v¥ = 2, vhich are Euclidean spaces, and since nou~zers
values of t generagte conjugate maciic eonstants which spproach 1 snd lofisnicy a2z
t approaches tinfinity, 1t may be uveefnl Lo consider the magnitude of t as an
index of "non-Fuslidesnness”. The sonstant ¢ taferved o above is related go
the absolute walue of 2, and is tabled on the next page.



o & w

b ¥ R o

0 2 2 1
25 2,28 1.78  1.0043
230 2,65 1,61  1.0083
275 3,12 1.47  1.011%

.0 3,72 1.%7 1.0141
1.25  4.49 1.2%  1.0157
L 35,48 1,22 L1183
1.58 3,85 1,21  1.01835 - wanimm
.95 6,73 L.17 i.0162
2.00  8.3%  1.14 1.0133
2,50 13.2 1.08 1.01%9%
3,00 21,1 LG5 1.0098
3,30 34,1 1,03 1.00V0
4,00 53%.6 1,02 1,0048

There are no local extrvemd othey then the one ifndlcated. Since ¢ =+ 1 as € ~pa® ,
sur pravious result showing the equivalence of Z-dimensional eity-block sad

dominsnce spaces i8 seer to be 2 speclal cese of the presant situwstiom.

Ordimarily, bowaver, the "vloseness” of two vontigurations 13 wor weasursd
by a relative axrey fodex such as we haye givem above, but by a nozmalizsd sum
of sgusred abscluta errors. To ses what kind of sltervate solurion might be
obtained when such a ﬁum@tié@? is niafmized, we constructed a sat of disztances
from a 10-point ellipssusing o metvrie coostant of 1.8, scd fooked at the swm of
gguared zbsolnte srrovs, alnimized with vespact to the cooxdiaates of ¢he polnte
and normalized by the sue of syurres of the input diztances, at a number of
different values of ¥» The Zruve solution and the best of the altarnate solutions
are glwen in Figure 1, and a plov of the exror as & funeiion of r is glvenm in
Figure 2. The bast alternate soluricon was foumd az © » 2.24, which is net too
far from the valus of 2,25 which we would predict, sznd the closesess of the
slesrnate solution to a 45° votation of the true soluticn 1s immediately obvlous.
One scmawhat suvprising uepest of this data iz that the fit is very good regardless
of the valuwe of r. In tarms of gondnoese of F£it alone, any one of the solutions
would do quits wall.



Iz is interesting ©o speculate whelher ope or move such lecally-optimum
alternate solutions may exist in higher~dimensional problenz. We have no
theoretical ressgouns for saying so, only a stromg hunch that they probably do.
out of curiosity, we took a I-dimensional configuration, celewlated inierpolni
distances uasing 4 metric constant of 1.5, nad went looking for alternais eolutious
at differant values of v, The ozriginal cocrdinates, and those of zhe best
slterpate soiutlon with an v D 2, are given in Table i, A plo¢ of the srrov as
& funetion of v is given in Pigure 3. The cuap At ¥ = 1.45 appears o be realy
o gwome of fiddidng with the mindmization algoeichm (Fletcher-Powell) could
make 1t disappear. In any case, thers {2 definitely a locel wminimm: on the
gide ¢f 2 opposite €& the irue solution.

In gensral, and amcab corzalnly for 2 ﬂim@nai@néﬂ ouy resulis sugges: that
the intarval 1 = ¢ & 2 may be mapped into the interval 2 » ¢ % €© . Thia iz a
rather suwrprising wesul: 1€ thz tradizionsl ilpterpretation of the psychological
neaning of the metric constant {5 accepted. This interpretaiion is that when
£ = 1, the componsnt differences detwsen two objects ave simply added to determine
thedr total dissimilacicy. As ¢ increases from 1 toward dafiniiy, ware and more
weight ds given to zhe larger component diffsvences, until at ¢ =~ 8 , only the
lavgest diffevence iz taken into aceount in detazmining the total dissimilaxrity.
This ianterpretation implies s continuity over the interval {1,898} which is
ook congistent with our findlags,

A zacent alternsilee interpretatbion suggested by Micko & Fischey is slightliy
wors conglstent,. Without golng funto their theory, it can be said that it doss
involyve @ sort of inturuhangembili~y batwean valuss of 2 whizh are on eppesics
gides of 2, in that g@f&ﬂiﬂﬁﬁhiﬁh they postulate will be ddantical. The side of
2 oo which ¢ 1des 18 postulated to be a fumetlon polely of whether an additive
or & deminance vule of comblnation i3 being used; no other rulss apply. However,
pur vesults sugggest that even this déscinerion is arbltrary, each vule belipz s
trangformation of the other.
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The true O = L.6) and

. 7353
~B253
=, 7225
» 1813
S2432
=4, 4086
=, 8755
51,0339

8613
.0%93
-3 3089
1,1259
~0811
-2, 1867
- 4503
-B184

Table 1

- 1310

-%,210%

5012

» 1045
w4335
- G760
o 7507
1.0627

Gad

At T

- 2427
o B494
A B12
=31,1165
= 5737
o 1514
7931
1.7290

alternate {v = 2.28) soluidons for errorless

=, 420%
5 1951
L1042
=1, 4724
=, 2366
- 8831
03148
1.0232

« 3280
1.367¢6
- 9617
-, 5299

» 3507
=, 0698

~1.0356
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