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Dynamics analysis

In the following, we show the dynamics analysis for

t=xz(l—z)(ef(ex)C —V) (1)
where the function of infection risk is given by
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Let G(z) = ef(ex) — r, where r = V/C. The above replicator equation is equivalent to

t=xz(1—-12)G(x) (3)

under a time rescaling [1].
Theorem For the evolutionary outcome depicted by the replicator equation, we have

(i) When Ry < 72—; all are unvaccinated.

(41) When 1; <Ry < (171 \/F)Q; ife < é, all are unvaccinated, otherwise there is a unique internal
0

stable equilibrium x*.

(#4t) When Rg > (1_1\/;)2; if e < ﬁ, all are unvaccinated, if # < e < ef, there is a unique
0 0

internal stable equilibrium z*, if e} < e < €3, full vaccination, if e5 < e, there is a unique internal stable

equilibrium x*.
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Where 2" = ——=, e, = 5" — g5 £ SR .

proof



For (4):
since f(y) is decreasing, thus G(z) is decreasing. Therefore if G(0) < 0, then G(z) < 0 for all the =
between 0 and 1. This induces z* = 0 is the unique stable equilibrium for the dynamical system.

But G(0) = ef(0) —r. If Ry < 12 is valid, then G(0) = e(1 — R%)) —r < 0 is valid for any e between

0 and 1. This completes the proof for (7).
For (i1):

for Ry < ( )%, we have that G(1) is smaller than zero for any e. For Ry > 1, the sign of G(0)
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depends on e: if e < =1, it is negative, which results in all unvaccination eventually. Otherwise, it
Ro

is positive. In this case, there is a unique equilibrium x* lying between 0 and 1 since G(z) is continues

and monotonic [2]. In addition to this, the derivative of G(z) at =* is negative since f(x) is decreasing.
1
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Therefore, there is a unique internal stable equilibrium z*. By the f(x) we adopt, we have x* = -

This completes the proof of (i7).

For (iii):

if e < ﬁ, we have G(0) < 0. In analogy to the proof in (i), we have 2* = 0 is the unique stable
equilibrium.

It ﬁ < e < ef, then G(0) > 0 while G(1) < 0. In analogy to (i7), there is a unique internal stable
equilibrium x*;

If e} < e < e}, we have G(1) > 0, since G(z) is decreasing, we have G(z) is positive for all the = lying
between zero and one. Thus, all vaccination becomes the unique stable equilibrium this time.

If e5 < e, then G(0) > 0 while G(1) < 0, In analogy to (i¢), there is a unique internal stable equilibrium

This completes the proof.
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