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Abstract
The two-dimensional boundary layer flow and heat transfer to Sisko nanofluid over a non-

linearly stretching sheet is scrutinized in the concerned study. Our nanofluid model incorpo-

rates the influences of the thermophoresis and Brownian motion. The convective boundary

conditions are taken into account. Implementation of suitable transformations agreeing with

the boundary conditions result in reduction of the governing equations of motion, energy

and concentration into non-linear ordinary differential equations. These coupled non-linear

ordinary differential equations are solved analytically by using the homotopy analysis meth-

od (HAM) and numerically by the shooting technique. The effects of the thermophoresis

and Brownian motion parameters on the temperature and concentration fields are analyzed

and graphically presented. The secured results make it clear that the temperature distribu-

tion is an increasing function of the thermophoresis and Brownian motion parameters and

concentration distribution increases with the thermophoresis parameter but decreases with

the Brownian motion parameter. To see the validity of the present work, we made a compar-

ison with the numerical results as well as previously published work with an outstanding

compatibility.

Introduction
Fluid heating/cooling is essential in diverse fields such as power manufacturing and transporta-
tion. Viable heating/cooling strategies are completely required for cooling of any kind of high
energy device. There are a few routines that enhance the heat transfer effectively. Few systems
used extended surfaces, utilization of micro-channels and application of vibration to the heat
transfer surfaces. Heat transfer proficiency can additionally be enhanced by improving the base
fluid's thermal conductivity [1].

Owing to the low heat transfer properties, the fluids utilized for the purpose of heat transfer
in general for example, ethylene glycol, water, glycerol and motor oils have restricted heat
transfer abilities. However, metal and metal oxide such as metals (Cu, Ag, Au), carbon oxide
ceramics (Al2O3, CuO), carbide ceramics (Sic, Tic) and metal nitrides (AlN, SiN) etc. nanopar-
ticles have distinctive physical and chemical properties [2] and having thermal conductivities
considerably higher than the liquids. Consequently, the concept of introducing particles in an
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ordinary fluid to provide a better heat transfer medium that acts like a liquid possessing metal's
thermal conductivity was emerged. Amongst all the dimensions of added particles (such as
macro, micro and nano) the nano-scaled particles have attracted more consideration by re-
searchers being the fact of keeping the mixture homogeneous. The unique quality of nanofluids
is thermal conductivity improvement, a perception noticed by Masuda et al. [3]. Nanofluids
are imagined to depict liquids in which nanometer-sized particles (in general<100 nm in size)
are suspended in convectional heat transfer base fluids. Nanofluids are vital in various industri-
al sectors including transportation, chemical and metallurgical sectors, micro manufacturing,
power generation, thermal therapy for the treatment of cancer and, micro manufacturing and
so forth. For the reason of their brilliant combined wetting and diffusing nature, nanofluids are
also essential for the production of nanostructured materials, for the building of complex fluids
and for the refining oil from surfaces and so forth.

In the interim, hypothetical studies were carried out to model nanofluids behavior. Macro-
scopic models for nanofluid flow and heat transfer can be classified as single-phase and two-
phase models. Single-phase approaches consider nanoparticles and base fluid as a single homo-
geneous fluid with respect to its effective properties. Two-phase approaches handle continuity,
momentum and energy equations for particles and base fluid using three different methods. Al-
though two-phase models provide a better understanding of both phases, single-phase models
are computationally more efficient, however provide less detail about each phase.

Buongiorno [4] observed that homogeneous models have a tendency to under estimate
the nanofluid heat transfer coefficient and because of nanoparticle size, the dispersion impact is
entirely insignificant. Later on, Buongiorno [4] proposed a model to clarify the irregular convec-
tive heat transfer enhancement in nanofluids and removed the deficiencies of the homogenous
and dispersion models. He considered seven slip systems, including inertia, Brownian diffusion,
thermophoresis, diffusiophoresis, Magnus, fluid drainage and gravity. He affirmed that only
Brownian diffusion and thermophoresis are dominant slip mechanisms in nanofluids. Further,
Buongiorno [4] reasoned that turbulence is not influenced by nanoparticles. In light of this dis-
covery, he suggested a four-equations non-homogeneous two-component equilibriummodel for
convective transport in nanofluids. Consequently, within the recent years, the use of nanofluids
to improve heat transfer has drawn respectable attention amongst researchers.

The problems involving boundary-layer flow of nanofluids have been studied by several au-
thors. For the sake of brevity, we mention here some examples. Khan and Pop [5] scrutinized
the flow, heat transfer and nanoparticle volume fraction towards a linearly stretched surface in
a nanofluid. Rahman et al. [6] numerically analyzed the flow and heat transfer characteristics
of nanofluids over an exponentially shrinking/stretching surface. They utilized Buongiorno's
model with second order slip velocity and obtained dual solutions for the shrinking (λ<0) and
stretching (λ>0) cases. Unsteady flow past a continuously shrinking surface with wall mass
suction in the nanofluid is examined by Rohni et al. [7]. They found the dual results for specific
values of wall mass suction, unsteadiness and nanofluid parameters. Rosca and Pop [8] investi-
gated unsteady flow and heat transfer of a nanofluid in an external uniform free stream towards
a moving surface. They discussed the stability analysis and noted that upper branch solutions
are stable, while the lower branch solutions are not. Unsteady flow and heat transfer of a nano-
fluid past a contracting cylinder is studied by Zaimi et al. [9]. Malvandi and Ganji [10] provid-
ed a theoretical investigation of an MHD flow and heat transfer of nanofluid inside an
isothermal circular microchannel. They considered Navier's slip boundary condition on the
walls. Khan and Aziz [11] considered the Buongiorno's model to examine the double-diffusive
natural convection from the vertical plate to the porous space saturated with a base fluid con-
taining nanoparticles. In their work Hady et al. [12] studied the flow and heat transfer charac-
teristics of a viscous nanofluid over a nonlinearly stretching sheet when incorporating the
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thermal radiation effects in the energy equation. Also, nanofluid flow with yield stress effect
was analyzed by Hady et al. [13] over a sheet stretching nonlinearly in a porous medium.

To face the challenges in the area of science and technology researchers are compelled to
study the non-Newtonian fluids, as they occur more frequently in real life applications. The non-
Newtonian fluids are more extensive class of fluids which can't be depicted by a solitary model
because the ability of each model for portraying the fluid properties is limited. The Sisko fluid
model [14] is one of the most important fluid models portraying the flow in the power-law and
upper Newtonian regions. Aforementioned model is most appropriate to describe the flow be-
havior of fluids in high shear rate regions. Initially this model was introduced to describe the
flow of greases as, greases have high viscosities at low shear rates and low viscosities at high shear
rates, but it was found later that it also describes the flow behavior of cement pastes etc. Its indus-
trial applications incorporate drilling fluids, cement slurries and waterborne coatings etc.

It appears from the literature survey that no exploration has been done on the boundary
layer flow and heat transfer to Sisko nanofluid towards a nonlinearly stretching flat plate in the
presence of convective boundary conditions. Therefore, our present study aimed to explore the
local-similarity solutions [15] of the transformed nonlinear coupled ordinary differential equa-
tions for diverse estimations of the controlling parameters. The model introduced by Buon-
giorno has been used in the present study. The effects of the controlling parameters on the
dimensionless velocity, temperature, nanoparticles volume fraction, the rate of heat transfer
and the rate of a nanoparticles volume fraction will be presented to gain thorough insight to-
wards the physics of the problem.

Problem Formulation
Consider the laminar, two-dimensional, steady flow and heat transfer of the Sisko nanofluid in
the region y> 0 driven by a sheet stretching with power-law velocity U = cxs, where c repre-
sents a non-negative real number and s> 0 represents the stretching rate of the sheet. The
stretching sheet is assumed to be coinciding with the x − axis while the y − axis is perpendicular
to the plane of the sheet. A hot fluid with temperature Tf is utilized to heat up or cool down the
surface of the sheet (to be determined later) by convective heat transfer mode, which provides
the heat transfer coefficient hf. We assume the uniform nanoparticle volume fraction of the sur-
face of the stretching sheet is Cw, whereas the ambient temperature and nanoparticle volume
fraction are T1 and C1, respectively. Under these assumptions along with boundary layer ap-
proximation the system of equations which governs the forced convective boundary-layer flow
is given by
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The associated boundary conditions are as follows:

uðx; yÞ ¼ U ¼ cxs; vðx; yÞ ¼ 0; k
@Tðx; yÞ

@y
¼ �hf ½Tf � Tðx; yÞ�; C ¼ Cw at y ¼ 0;

u ! 0; v ! 0; T ! T1; C ! C1 as y ! 1:

ð5Þ

Here u and v denote the components of velocity along x − and y − axes respectively, a, b and n
(n� 0) are the material constants of the Sisko fluid, T and C represent the temperature and
solid nanoparticle volume fraction, ρ, σ, α (= k / (ρcp)f) and k represent the fluid density, electri-
cal conductivity, thermal diffusivity and thermal conductivity. Furthermore, τ (= (ρc)p / (ρc)f)
represents the ratio of effective heat capacity of the nanoparticle material (i.e., (ρc)p) to the heat
capacity of the fluid (i.e., (ρc)f), DB and DT represent the Brownian diffusion coefficient and
thermophoresis diffusion coefficient, respectively.

The dimensionless velocity, temperature and nanoparticle volume fraction are given as:

f 0 ¼ u
U
; y ¼ T � T1

Tf � T1
; φ ¼ C � C1

Cw � C1
: ð6Þ

In perspective of the above non-dimensional variables, we obtain
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In view of Eqs (6) and (7), the above governing problem can be written as
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The physical quantities of pre-eminent interest are the local skin friction coefficient Cfx, the
local Nusselt number Nux and the Sherwood number Shx which can be characterized as:

Cfx ¼
txyjy¼0

1
2
rU2

; Nux ¼
xqwjy¼0

KðTf � T1Þ
; Shx ¼

xjwjy¼0

DBðCw � C1Þ
; ð12Þ

where τxy, qw and jw are the wall shear stress, heat and mass fluxes, respectively, defined by
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Using Eqs (6) and (7), the dimensionless parameters can be written in terms of the output
of the local-similarity solutions as:
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Solution Methodology

The homotopy analysis method
By employing the HAM [16–18] series solutions are obtained corresponding to the governing
non-linear coupled ODEs (8)-(10) and the related boundary conditions (11). Here the initial
guesses and operators are chosen as follows:

f0ðZÞ ¼ 1� e�Z; y0ðZÞ ¼
ge�Z

1þ g
; φ0ðZÞ ¼ e�Z; ð15Þ
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for the velocity, temperature and the nanoparticle volume fraction, respectively.

The numerical method
In general it is very difficult to find the exact analytical solution of non-linear two point bound-
ary value problems (8), (9)and (10) along with boundary conditions (11). Therefore, these
problems are solved numerically by the shooting technique [19,20]. The equations are firstly
written as a system of seven first order ordinary differential equations and then the correspond-
ing initial value problems are solved by the Runge-Kutta method. The initially guessed values
are refined iteratively using the Newtons's method to satisfy boundary condition at infinity.
The iterative process is terminated when the absolute error is less than the tolerance 10−5.

Graphical Results and Discussion
The set of coupled Eqs (8) to (10) are highly non-linear equations, subject to boundary condi-
tions (11) constitute a two-point boundary value problem. In general, exact analytic solutions
are not possible for the complete set of such equations and hence we used the homotopy ana-
lytic method (HAM) for analytic solutions and shooting method for numerical solutions. The
obtained results are presented graphically to highlight salient features of the flow, heat transfer
and nanoparticle volume fraction transfer characteristics. As a test of the accuracy of the ob-
tained HAM results, a comparison between the present HAM results and those obtained
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numerically by the shooting technique is presented. Additionally, the accuracy of the present
results is confirmed by comparing them with the previously recorded results.

Table 1 presents a comparison of the present results to the previously reported results by
Khan and Pop [5], Wang [21] and Gorla and Sidawi [22]. The values of θ0(0) have been com-
pared for different values of Prandtl number Pr for the case of Newtonian fluid (i.e., Nb = Nt =
0). It is revealed by the Table 1 that the data produced presently is in good agreement with the
previously generated data.

The velocity, temperature and concentration distributions versus the similarity variable η
for a few values of the power-law index n are demonstrated through Figs 1A and 1B and 2A
and 2B. It should be noticed that n< 1 relates to shear thinning (pseudoplastic) fluids and
n> 1 relates to shear thickening (dilatant) fluids. It is anticipated by these figures that the ve-
locity, temperature and concentration distributions diminish as n increases for both shear thin-
ning and shear thickening fluids. This results in a reduction in the momentum, thermal and
concentration boundary layers thickness. Further, it is seen that within the boundary layer the
values of n affects significantly the velocity distribution but marginally the temperature and
concentration distributions for a given A and s. Note that for n< 1, the effective viscosity de-
creases with increasing shear rate and the viscous effects are transmitted up to a greater dis-
tance and thus a reduction in the shear layer (when compared with Newtonian fluid) is a
characteristic feature of the Sisko fluid when n< 1 (see Fig 1(A)). In the opposite case where
the effective viscosity increases with increasing shear rate and consequently, the boundary
layer thickness becomes thinner for shear-thickening (1< n< 2) fluids than that of Newtonian
(n = 1) and shear-thinning (0< n< 1) fluids (see Fig 1(B)).

The impact of generalized Prandtl number Pr and the generalized Biot number γ on the
temperature θ(η) and nanoparticle concentration φ(η) distributions is shown by Figs 3A and
3B and 4A and 4B for the power-law index n = 1 and n = 2, respectively. Physically, enhancing
the Prandtl number Pr results in a reduction in thermal diffusivity. It can be seen that the tem-
perature and nanoparticle concentration profiles decrease with an increase in the generalized
Prandtl number Pr. This further results in reducing the thermal and concentration boundary
layers thickness. Note that for high Biot number γ convective heating increases and the isother-
mal surface (i.e., θ(0) = 1) is reproduced as γ!1. Indeed, a higher generalized Biot number
shows elevated internal thermal resistance of the surface than the boundary layer thermal resis-
tance. Therefore, a build in the generalized Biot number increases fluid temperature effectively
and Fig 4A and 4B affirm this likewise. In addition, it is noted that an increase in the value of γ
tends to increase the concentration boundary layer thickness.

Figs 5A and 5B and 6A and 6B illustrate the impact of the Brownian motion parameter Nb

and the thermophoresis parameter Nt on the temperature and concentration distributions for
the power-law index n = 1 and n = 2, respectively. Physically, the Brownian motion is stronger
in case of smaller nanoparticles which corresponds to the larger Nb and converse is the situa-
tion for smaller values of Nb. In thermal conduction nanoparticle's motion plays a pivotal role.
Due to the intensified chaotic motion of the nanoparticles (i.e., for larger Nb) the kinetic energy

Table 1. Comparison of the present results of local Nusselt number –θ0(0) for the case of Newtonian
fluid with the results of Khan and Pop [5], Wang [21] and Gorla and Sidawi [22].

Pr Present results Khan and Pop [5] Wang [21] Gorla and Sidawi [22]

0.70 0.45392 0.4539 0.4539 0.5349

2.00 0.91135 0.9113 0.9114 0.9114

7.00 1.89543 1.8954 1.8954 1.8905

20.0 3.35395 3.3539 3.3539 3.3539

doi:10.1371/journal.pone.0125683.t001
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of the particles is enhanced which as a result enhances the temperature of the nanofluid. Hence
increasing Nb firmly raises temperature values throughout the regime as demonstrated in Fig
5A and 5B. Away from the surface the larger values of Nb stifle the diffusion of the nanoparti-
cles in the fluid regime which reduces the concentration distribution. For higher values of Nb

larger thermal boundary layer thickness is formed though larger concentration boundary layer
thickness is produced for smaller values of Nb. On the other hand, in nanofluid flow the ther-
mophoresis parameter Nt plays a pivotal role in examining the temperature and nanoparticle
concentration distributions. Due to the larger values of Nt the thermophoretic forces are

Fig 1. (a,b), The velocity profiles for different values of the power-law index n.

doi:10.1371/journal.pone.0125683.g001

Fig 2. (a,b), The temperature and concentration profiles for different values of the power-law index n.

doi:10.1371/journal.pone.0125683.g002
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produced. These forces have the tendency to migrate the nanoparticles in the reverse direction
of temperature gradient (i.e., from hot to cold) which causes a non-uniform nanoparticle distri-
bution. Consequently, the increasing values of Nt corresponds to an increase in the temperature
and nanoparticle concentration distributions as shown in Fig 6A and 6B.

Fig 7A and 7B compare the temperature and concentration profiles of the Newtonian
(A = 0, n = 1) and the power-law (A = 0, n 6¼ 1) fluid with those of the Sisko (A 6¼ 0, n 6¼ 1)
fluid for the stretching parameter s = 1.5 and s = 2.0, respectively. Straightforwardly, it can be
seen from these figures that the thermal and nanoparticle concentration profiles are larger for

Fig 3. (a,b), The temperature and concentration profiles for different values of the generalized Prandtl number Pr.

doi:10.1371/journal.pone.0125683.g003

Fig 4. (a,b), The temperature and concentration profiles for different values of the generalized Biot number γ.

doi:10.1371/journal.pone.0125683.g004
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the Newtonian and power-law fluids as compared to those of the Sisko fluid. Additionally, the
temperature and concentration boundary layers are highly dependent on the stretching param-
eter s and they diminishes for stronger s.

The effects of the thermophoresis parameter Nt and the Brownian motion parameter Nb on

local Nusselt number Re
� 1
nþ1

b Nux and local Sherwood number Re
� 1
nþ1

b Shx are shown in Fig 8A
and 8B. These figures indicate a decrease in the values of both local Nusselt number and local
Sherwood number with the increase in thermophoresis parameter Nt. Further, it can be seen

Fig 5. (a,b), The temperature and concentration profiles for different values of the Brownianmotion parameter Nb.

doi:10.1371/journal.pone.0125683.g005

Fig 6. (a,b), The temperature and concentration profiles for different values of the thermophoresis parameterNt.

doi:10.1371/journal.pone.0125683.g006
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that the effect of the Brownian motion parameter Nb is to decrease the local Nusselt number
but its effect is quite opposite on the local Sherwood number.

These results evidently meet with the data provided in Table 2. Additionally, from Table 2 it
is evident that the magnitude of heat transfer rate θ0(0) increases with the increase in the value
of the material parameter A, stretching parameter s, generalized Prandtl number Pr and gener-
alized Biot number γ but an opposite behavior can be seen for the Lewis number Le. Also, an
increasing magnitude of rate of concentration φ0(η) is straightforwardly observed for the larger

Fig 7. (a,b), A comparison of the temperature and concentration profiles for the Newtonian, power-law and Sisko fluids.

doi:10.1371/journal.pone.0125683.g007

Fig 8. (a,b), Influence of the Brownian motion parameterNb and the thermophoresis parameterNt on the local Nusselt number and the local
Sherwood number.

doi:10.1371/journal.pone.0125683.g008
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material parameter A, stretching parameter s, generalized Prandtl number Pr and Lewis num-
ber Le while it is decreasing for the generalized Biot number γ.

In Fig 9A and 9B a comparison is made between the results obtained by homotopy analysis
method (HAM) and solutions obtained by numerical method. Interestingly, it is found that
both the results show good agreement which validates the HAM results.

Summary and Conclusions
The influence of forced convection to Sisko nanofluid over a stretching sheet was intended to
investigate in this study. Thermal convective boundary conditions were also considered. This
study was conducted under the consideration of the model proposed by Buongiorno [4]. The
three coupled nonlinear governing equations were transformed to the corresponding ordinary
differential equations by using appropriate transformations. These ordinary differential equa-
tions were further solved analytically (by homotopy analysis method) and numerically (by
shooting technique) to obtain the results (i.e., velocity, temperature and concentration pro-
files). To analyze the behavior of these results under the influence of different physical parame-
ters graphs and tables were constructed.

From these graphs the behavior of nanofluid temperature distribution and thermal bound-
ary layer thickness could be noticed as monotonically increasing for the thermophoresis pa-
rameter Nt, Brownian motion parameter Nb and generalized Biot number γ while it was
decreasing for the material parameter A, generalized Prandtl number Pr, power-law index n
and stretching parameter s. Also, the concentration profile was notice to increase for Nt and γ

Table 2. Variation of the local Nusselt numberRe
� 1
nþ1

b Nux and local Sherwood numberRe
� 1
nþ1

b Shx for different values of emerging physical
parameters.

A s Pr Nb Nt γ Le �Re
� 1
nþ1

b Nux �Re
� 1
nþ1

b Shx

n = 1 n = 2 n = 1 n = 2

0.0 0.5 1.0 0.1 0.1 0.1 1.5 0.082857 0.074467 0.622412 0.715660

0.5 0.083721 0.083772 0.658103 0.668808

1.0 0.084201 0.084494 0.679343 0.700421

0.5 0.5 0.1 0.1 0.1 0.1 1.5 0.083721 0.083772 0.658103 0.668808

1.0 0.085352 0.086843 0.752096 0.864615

2.0 0.087524 0.089886 0.915241 1.174931

0.5 0.5 0.7 0.1 0.1 0.1 1.5 0.080291 0.080044 0.518304 0.517209

1.0 0.083721 0.083772 0.658103 0.668808

1.3 0.085841 0.086024 0.777992 0.798376

0.5 0.5 1.0 0.1 0.1 0.1 1.5 0.083721 0.083772 0.658103 0.668808

0.5 0.080131 0.080162 0.696729 0.710328

1.0 0.074472 0.074467 0.701720 0.715660

0.5 0.5 1.0 0.1 0.1 0.1 1.5 0.083721 0.083772 0.658103 0.668808

0.5 0.083402 0.083465 0.475450 0.470141

1.0 0.082981 0.083059 0.253868 0.227181

0.5 0.5 1.0 0.1 0.1 1.5 0.083721 0.083772 0.658103 0.668808

0.5 0.252072 0.252584 0.565438 0.567982

1.0 0.335722 0.336674 0.519698 0.517973

0.5 0.5 1.0 0.1 0.1 0.1 1.2 0.083783 0.083838 0.564987 0.568379

1.5 0.083721 0.083772 0.658103 0.668808

2.0 0.083645 0.083693 0.793965 0.814913

doi:10.1371/journal.pone.0125683.t002
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whereas it was decreased for the material parameter A, generalized Prandtl number Pr, power-
law index n, stretching parameter s and Brownian motion parameter Nb. Additionally, from
the Table 2 it appeared that a rise in the values of the material parameter A, generalized Prandtl
number Pr and generalized Biot number γ resulted in reducing the rate of heat transfer whereas
the effect was reverse for Brownian motion parameter Nb, thermophoresis parameter Nt and
Lewis number Le. Further, the mass transfer rate enhanced for larger values of material param-
eter A, Prandtl number Pr, Brownian motion parameter Nb and Lewis number Le but dimin-
ished for rising values of Nt and γ.
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