OPEN @ ACCESS Freely available online @ PLOS ‘ ONE

The Path Integral Formulation of Climate Dynamics
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Abstract

The chaotic nature of the atmospheric dynamics has stimulated the applications of methods and ideas derived from
statistical dynamics. For instance, ensemble systems are used to make weather predictions recently extensive, which are
designed to sample the phase space around the initial condition. Such an approach has been shown to improve
substantially the usefulness of the forecasts since it allows forecasters to issue probabilistic forecasts. These works have
modified the dominant paradigm of the interpretation of the evolution of atmospheric flows (and oceanic motions to some
extent) attributing more importance to the probability distribution of the variables of interest rather than to a single
representation. The ensemble experiments can be considered as crude attempts to estimate the evolution of the probability
distribution of the climate variables, which turn out to be the only physical quantity relevant to practice. However, little
work has been done on a direct modeling of the probability evolution itself. In this paper it is shown that it is possible to
write the evolution of the probability distribution as a functional integral of the same kind introduced by Feynman in
quantum mechanics, using some of the methods and results developed in statistical physics. The approach allows obtaining
a formal solution to the Fokker-Planck equation corresponding to the Langevin-like equation of motion with noise. The
method is very general and provides a framework generalizable to red noise, as well as to delaying differential equations,
and even field equations, i.e., partial differential equations with noise, for example, general circulation models with noise.
These concepts will be applied to an example taken from a simple ENSO model.
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Introduction These works shifted the dominant paradigm of interpreting the
evolution of atmospheric flows (and the ocean to some extent, see
[7]) attributing an increasing importance to the probability
distribution of the variables of interest rather than to a single
representation. The ensemble experiments can be considered as
crude attempts to estimate the evolution of the probability
distribution of the climate variables, which is the relevant quantity
for practice. Other interesting quantities, as variance and
correlation functions, can be obtained from the Probability
Distribution Function (PDF). The ensemble mean of temperature,
for instance, cannot be considered simply as the average of the
available ensemble members, but as the simplest estimation of the
expectation value.

The equations that govern the evolution of the atmosphere and
the ocean have been known for a long time and have been
extensively investigated. To investigate them, several numerical
methods that exploit the first order time derivatives to obtain the
time evolution, have been intensely developed. The equations
showed a strong sensitivity to small perturbations, both in the
initial conditions as well as in the parameters defining them, giving
rise to the entire field of dynamical chaos [1].

The chaotic nature of the dynamics stimulated the application
of methods and ideas derived from statistics and statistical
dynamics. For instance, ensemble systems are used to make
weather predictions which are designed to sample the phase space
around the initial condition. Such an approach has been shown to
substantially improve the usefulness of the forecasts since it allows
forecasters to issue probabilistic forecasts. The implicit assumption
is that the presence of various sources of errors, coupled with the
intrinsic sensitivity of the evolution equations to small errors [1],
makes a single forecast not so useful [2,3].

The concept has gained a large consensus because it has been
shown to be relevant to various dynamical problems. Numerical
experiments driven by external forcing, such as those used with
prescribed SST (Sea Surface Temperature) or even prescribed
concentrations of greenhouses gases in climate change experi-
ments, have shown that the response to external forcing is still
sensitive to errors, either because of uncertainties in the initial
condition or in the model formulation. Ensemble experiments are
now commonly used in these cases [4-6].

Finding an equation for the evolution of the PDF is far from
trivial. Hasselmann [8] has shown that a stochastic component is
consistent with the basic principles of the atmospheric/ocean
dynamics and whereas other investigators [9-14] have shown that
some aspects of the atmosphere dynamics can be described by
simple models with a stochastic component. It is also possible to
estimate the stochastic component from observations [15,16].

The addition of stochastic noise to the evolution equation results
in a multidimensional Langevin-like equation that can be shown to
support a Fokker-Planck equation for the evolution of the
probability distribution of the state vector. This result is very
interesting since the Fokker-Planck equation is linear, even if the
corresponding evolution equation may be non-linear. However,
the Fokker-Planck equation is obtained in a phase space with the
dimensions corresponding to the number of degrees of freedom of
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the original equations. Even a very simple general circulation
model can easily have hundreds of degrees of freedom and a
numerical approach is not feasible.

This paper shows that it is possible to write the evolution of the
probability distribution as a functional integral of the same kind
mtroduced by Feynman [17] in quantum mechanics, using some
of the methods and results developed in statistical physics [18,19].
The approach allows obtaining a formal solution to the Fokker-
Planck equation corresponding to the Langevin-like equation of
motion with noise. The method is very general and it provides a
framework easily generalizable to red noise, as well as to delay
differential equations, and even field equations, i.e. partial
differential equations with noise. The approach has been proved
useful in fields other than physics, such as polymer theory,
chemistry and even financial markets [20-22]. There are also
applications to other relevant problems in geosciences : turbulence
fluids [23-25], Lyapunov exponents [26], data assimilation [27],
or wave propagation in random media [28,29]. The first quantum
field theory formalism describing additive noise was developed by
Martin, Siggia and Rose [30], by using a different kind of
approach, a method similar to the canonical quantization. The
path integral technique, however, is relatively less known in the
field of Climatology.

In this paper, the authors attempt to solve stochastic differential
equations with the Path Integral technique. This method is applied
to solve a linear simple model and a non-linear one, relevant to
climatological problems, to demonstrate the power of this tool.
Although the technique seems involuted, it could be very easily
generalized and could also be the basis for applications to field
equations arising in a field theory. This method has only been used
with simple linear and non-linear ENSO models, which contain
only time depending variables. The aim of this paper is to
stimulate interest in the path integral technique for application in
the investigation of the Global Climate System. The authors’ hope
is to use the formalism of the field variables to face, with this
technique, more complicated models, by applying this method to
study general circulation models with noise.

The remainder of this paper is organized as follows. Section 0
introduces and summarizes the general theoretical foundation and
Section discusses the calculation of the integrals. Section
introduces the concept of Green’s matrix and functions. Section
introduces a discussion of perturbation expansion applied to non-
linear cases. In Section, these concepts are applied to an example
taken from a simple ENSO model and Section concludes.

Methods

The Path Integral Formulation

Langevin equation and probability. The systems describ-
ing the atmosphere or the ocean can be written as coupled
Langevin equations:

90 =/,(q()) +€u(0), )

where q(¢)=(qi(?),...,qa(t)) represents a trajectory in R? and
Ju(q) represents a differentiable function of q. It is assumed that
there are d degrees of freedom, and in what follows it will be
considered a Gaussian white noise €,(f). This kind of noise is
characterized by its 1-point correlation functions, the averages,
that are equal to zero, and by the 2-points correlation functions:
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<6;4(t)v(t/)> = Qél,‘,é([ - Z,)- (2)

In the equation above, J,, is the Kronecker delta and Q
measures the strength of the correlation. For simplicity, Q is taken
as a constant, and the variances of different ¢,(f) noise terms are
equal. The equations above are not the most general stochastic
first order differential equations. Time translation invariance has
been explicitly assumed, and the same variance has been used for
different variables, but those restrictions are not really limiting and
it has been assumed for simplicity [31].

The Langevin equations (1) generate a time-dependent prob-
ability density function for a stochastic vector q(?), given the value
of this vector at initial time, which can be written formally as:

P(@.Tq.10)=<T1_ 0(q(T) =g )>e  with — T=1, (3)

in which q, and # are the initial conditions, and ¢ is the Dirac
delta. This probability is just the ensemble average over the
solutions of the Langevin equations (1); ()€ denotes an average
with respect to the probability distribution of the realizations of the
stochastic variables €,(¢). P(q,T|qq.%) is the conditional proba-
bility to find the system in q at time 7 starting from the point g at
the time fy. (¢,(T)—g,) is the difference between a point of the
trajectory obtained with the Langevin equation (1) at the time 7,
and a fixed point in the configurations space. The trajectory
depends on the initial condition g, at time 7. Although q, doesn’t
appear in the right-hand side of the equation, that expression
implicitly depends on it by means q,(7T).

Using the Gaussian nature of the noise, starting from the
equation above, it is possible to write a Fokker-Planck equation for
P(q,T|qq,0), see for example [31]:

dP(q>T‘q0>t0)
dT

:i i 1 2P@.Tlao:to)
:16 0qp

4)
—u(@P(q,T |(I0Jo))~

The formal solution of this equation can be written as a path
mntegral [19]

a7 =q(7)

Pq.T|qo.t0)= j Dy exp(—S@).  (5)

g9 =9(7p)

where [Dq(#)] means that the integration is done over all paths q(?)
that go from #y to 7. The functional S(q) is the continuous
Onsager-Machlup action which in the white noise case

S( )—LJT(( @)1 ))+Q%>dz (6)
q _ZQ 0 4 —Ju@)ow gy —/H(q 6(1}1 >

for the last equation summed over repeated index it is used. The
extra divergence term in the action is associated with the difficulty
of defining the derivative of a stochastic process. These expressions
are symbolic and, they have to be defined by a discretization rule.
In fact, a functional integral is well-defined only if it is assigned a
formal continuos expression and a discretization rule. The process
paths, which are solutions of the Langevin equation, are
continuous as A¢t—0, but they are not differentiable, and the

June 2013 | Volume 8 | Issue 6 | €67022



ordinary rules of calculus must be modified to come up with a
consistent definition. In the case of a simple additive noise, the
pathologies do not show up, but if there is multiplicative noise, it is
absolutely necessary to choose an interpretation. In the following,
the Stratonovich interpretation will be used as the discretization
rule, which allows treating the fields as differentiable, and
therefore to use them in the ordinary rules of calculus. In the
case of weak additive noise, the divergence term drops simplifying
the action:

1 (T X )
Seat (@)= EL (S @DV —f@))dr. (7)

Expectation values for a generic quantity F(q(7")) can be obtained
by

<F(q(T)>

S i) PaO)F@(T) exp (—S@)Pag o)y ()
[ Jarz b [Da(e)] exp (— S(@) Plag.o)dgy

where () here is just a time average, and P(qg,%) is the
distribution that describes the system at the initial time 7.
Integrating over the initial conditions using P(q,%), the average
depends only on the point q(7). The correlation can be obtained
by using a polynomial expressions of the q components on the
functional F.

Stochastic equations and path integrals have a mathematical
meaning only if it is a discretization is associated to them. One can
apply a discretization, for instance denoting the initial and final
times by fy and T, respectively,

At=(T — lo)/N
t,=ty+nt
)
gn=4(tn)
EnZE(tn),

with n=1,...,N. The probability distribution of the discretized
noise is given by

CZ
) =0r0) exp( - 55).

If the Langevin equation (1) is integrated in an infinitesimal time
interval At, the discretized equation becomes

qn+17qn:Alf(qn)+\/E6ﬂ' (10)

The conditional probability, that the system will be in the state
q,.1 at time f,; | given that it was in (, at time f,, could be
defined with the following symbol,
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p(qn+1$tn+1 ‘qnatn) = Jé(qn+1 - _Atf(qn) - \/Ien)b(gn)den
_ exp|— (qn+l —q, 7Atf(qn))2
(rQ4r)~'? 204t ’

where ¢ is the Dirac delta. On the right-hand side of the equation
above, the only variables which appear are q,,, {, q,, 4%, therefore
it is necessary to always use a notation for which the transition
probability depends explicitly on time, for instance f,41 and #,.
This will be more explicit, as it will soon be shown, when the
summation in the action is transformed into an integral with
extremes depending on the initial and final time of the transition,
see Eq. (6). This means that time is a variable, not an index, and it
is coherent with the fact that the PDF, which satisfies the Fokker-
Planck equation, is time-dependent. In order to obtain the
unconditional probability p(q,1.t+2), one would have to use
the Kolmogorov-Chapman equation,

p(qn+2>tn+2|qnatn)
= Jp(qn+2azn+2|qn+1a1n+1)P(qn+1stn+l |qn’tﬂ)dqn+l .
the probability for the entire path can be obtained

p(qNaT|q09tO)
= r/v:q(T) dq; - ~ Sn(qp; - - an)> (11)

dqy (
——¢X
w—aiy QA T 20

where it has been defined

Sn(qo. - - (12)

N—
)= Z <(qn+1

—41f(q,)) >

The Sy functional plays the role of the action as in classical
mechanics and it i1s also known as the Omnsager-Machlup
functional. Probability cannot be exactly analytically computed
for a non-linear f, but with a linear f the integral is Gaussian and
can be Computed. From the Eq. (11) it is possible to see that

-~ dqy_y
[Dq(1)] = (2 o'’
considered in the limit approximation. There are N —1 integra-
tions over the possible intermediate values of the path, and the end
points qq, qy are fixed. Note that there are N factors in the

these quantities always have to be

denominator of the Eq. (11), and so presumably a

1
QrQAN*
normalization factor will have to be introduced later, since they
can be divergent when N —co. The choice of the discretization is
important because the term

(qn _qn—l)f(qn—l)

1s ill-defined when the small time step limit is studied, and it must
be treated carefully. It turns out that Feynman’s original choice of
symmetrizing the term [17] as
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f f
(qn_qn_l) (qnfl)2+ (qn)

is equivalent to choosing the Stratonovich interpretation. Different
continuous formal expressions exist for the functional integral,
which, with the appropriate discretization rule, define the same
stochastic process. The Stratonovich mean point formulation is
useful to analytically treat problems. In particular it is connected to
the possibility of using the usual techniques of integral calculus.
With this kind of discretization, it is possible to define all the terms
that in the limits become the action seen before Eq. (6). The
discretization, beyond giving meaning to the expressions above,
gives a recipe to explicitly compute those quantities.

The propagator. The probability of reaching q, at 7" from
any point ¢ at fy, obeying the initial distribution P(qy,%), is then
given by

ey, T)
_ JqN:q(T) dq, - -dqy_,
q0=9(tg) (anAZ)N/z (13)

S e,
€xp ( - W) P(qq,t0)dqy,

which describes the evolution of the probability distribution from
time # to time 7. It is the solution to the Fokker-Planck equation.
The final integration over ¢ resolves the normalization issues
previously mentioned and a final result is obtained. It is also
possible to write Eq. (13) as

p(qNaT): Jk(qN9T|qut0)P(q05[0)dq05 (14)

where a symbol for the kernel has been introduced

k(qN’T|q09t0)
_ rN:q(T) dq ---dqy_, exp(— Sn(qo. - - - ,QN)> (15)

w=at) QAN 20

Discretized Path Integral

The Path Integral Formulation of Climate Dynamics

that propagates the solution from time 7y to time fy =T this
expression is also known as the propagator. This equation is the
analogous of Eq. (5) discretized.

The concept of the path integrals recurring in these formulas is
illustrated in Fig. 1. The probability of reaching q, starting at q is
composed by the sum of all paths that may take all possible
intermediate values at intermediate times. Their contribution must
be integrated for all possible values. For further details about the
path integral, refer to [22].

Considering that:

NETOO p(qN > T) = P(qs T) and
JHm k(@ T1ay.10) = K(@,T1gy.10).

the expression for the probability in the continuous case is given by

P(q.T)= JK(q,T|qo,ro)P<qo,ro)dqo, (16)

and continuous time propagator from time #y to 7 is

q(T)
K(@.T]o.10) = J Da@]exp(—S@).  (17)

q(tp)

Eq. (16) is the probability of finding the system in the state q at
time 7', given the initial distribution P(qy,t) at time .

Calculating the Path Integral

Practically, analytically computable path integrals are rare, and
they are essentially limited to Gaussian integrals, which, as
previously noticed, are obtained when f(q) is linear. They can be
analytically calculated from the discretization previously intro-
duced only in particular cases [22]. It is possible to consider an
approximate method for the computation derived from the
steepest descent method (or saddle point method) [31]. The path
mntegral is dominated by the minima of the action, which are the
trajectories that minimize the action functional. It can be
approximated by a series of Gaussian integral, one for each
minimum of the action, considering fluctuations around these

T by t T
9% 9 9G4 9 Ay

Figure 1. Discretization of the path integral. The initial q, and final q variable are not integrated over.

doi:10.1371/journal.pone.0067022.g001
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trajectories and computing the approximate integral. In this way
the path integral can be separated into two simpler factors; the first
one contains the stationary conditions, and the second contains a
term that can be transformed, using the projection on eigenfunc-
tions, in Gaussian integrals. If f is considered as non-linear, this
method results useful because it lets us use a simple perturbation
expansion technique.

Let the function f(q,) be a linear operator A. In this case the
action can be written as

T
S(@)= iL ((G—AQ) @ —AQ) + OTr A (18)

and the path integrals become

K(q,T; q9,%)

1 (1)

= EXp(— E TF(A)T) J;(O) [Dq(t)] (19)
1 (7 . T

eXp(—EL (q—Aq)' (q—Aq)dr).

Following the steepest descent method, trajectories that minimize
the action must be found. However, there is a problem associated
with the fact that, for a system of the present form, there are two
solutions to the first order of variations, which correspond to the
equation of motion without noise. The solutions correspond to the
choice q=r, so that

=t Ar r(0)=gqq,

the unperturbed trajectory corresponds to the plus sign. Obviously
it would be desirable to be able to investigate the perturbation
around this solution, but this is complicated because the particular
value of the action in this case is zero, making a traditional
expansion impossible. However, as pointed out by [32], there is a
method that allows the expansion along the correct solution and
also satisfies both boundary conditions for the integration in the
action. It is necessary to introduce a change of variables quantity
q=r+g, so that the action (18) can be written as

1 (7. .. .
S:—EL (F+g—Ar+g) (F+g—A(r+g)dt

_ éjﬂ (- Ag)” (& Ag)dr

(20)

because r satisfies the equation of motion without noise. The
boundary conditions on this expression are given by

g0)=0  g(T)=qr—x(T).

The measure of the integral does not change, since it is a linear
transformation, and [Dq(?)] is transformed in [Dg(#)] without the
adjoint of a new factor in front of it. One can now substitute
around an unperturbed trajectory g.(¢) so that deviations of order
/O are introduced
¥(0)=y(T)=0

obeying the boundary conditions
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g()=g()—y()\/Q. (21)

Substituting Eq. (21) in the action (20), it is

T
5= L b An) (@A) R AV @A)

+(y—Ay) (y—Ay)dt,

and integrating by parts the various terms and using the boundary
conditions, it is obtained

T T Al VT
S= 2Q(gpgﬁrg(Agc)lo

1 (7 . .
@L ol (—g,+(AT—A)g, +AATg)di—  (23)

T
ij VT (— g+ (AT —A)g, +AATg,)di—
20 Jo

1 T
EL Y (=¥ +AT —A)y+AATy)dr—.

Therefore, if a g, is chosen, which satisfies the equation with the
given boundary conditions

_g(+(AT_A)gL+AATgL:0’ (24)

the action can be divided into two parts: the explicit terms
depending on the boundary conditions and implicitly on the
unperturbed solution r, and a term that depends only on the
fluctuations y,

L oTs o Ag YT
S= 2Q (gc g +g(: Agc) |0

1 (T . .
@L Y (=¥ +AT —A)y+AATy)d1=5,+S,.

The term S; does not depend on the varying path y(#) and
therefore can be taken out from the integration in Eq. (19),
whereas the term S will depend only on time T, which is often
called the prefactor. The propagator (19) can then be written as

1
K(q.T;q9.10) = exp (— 3 Tr(A)T)
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S W(T)
exp ( - E) Jy«» [Dy(1)]

(25)
T
exp (— IQJ T(—y+AT—A)y+AATy)dr)

with boundary conditions y(0)=)(7)=0. The remaining calcu-
lation can be finished by observing that the action in the paths y is
then equivalent to a Sturm-Liouville boundary problem for the
differential operator A

T T
J yT(—'y—i-(AT—A)y-i-AATy)dt:J (y"Ay)dr (26)
0 0

The operator A is self-adjoint and therefore has a complete
orthonormal set of eigenfunctions (b,l_ with real ecigenvalues p,,
I=1,...,00, i=1,...,d. The cigenfunction and eigenvalues are
d-multiple infinities as a consequence of the dimensionality d of
the operator. The variables y can be expanded in a series of the
complete orthonormal eigenfunctions and

! ‘.T yT Aydt
20 o

Using this approach, the path integral Eq. (17) can be written as
an infinite set of Gaussian integrals over the coeflicients of the
expansion. A change of variables from the ¢;’s to the ¢;’s will allow
the execution of the integral. The functional path integral becomes
an integral for the coefficients 012,’ because in varying them, all
possible paths are obtained. Since A is self-adjoint, it can be
diagonalized by a unitary transformation with a unit Jacobian for
the change of variables, therefore the path integral measure
remains the same, and the boundary conditions are satisfied by the
eigenfunctions. The integral is then formed by an infinite number
of Gaussian integrals, and it can be obtained that,

K(q,T;qy,t0)

. 1
= LIEI; exp ( ) Tr(A) T)

(28)
1 1 2o\
ex S)——— e ([ Z2E)
P73 )(2Qnm)w/2 =1 ’1</11,«
or
K(qa T7 qut())
= lim exp(—lTr(A)T)
L—o 2 (29)

1 1 1/2
ex S)— k' | — .
p( Q )ZQn(Ar)Ld/2 =1 1_1<ﬂli>

The product is reduced to the inverse root of the determinant of A.

PLOS ONE | www.plosone.org

The Path Integral Formulation of Climate Dynamics

This determinant and the constant, which contain the temporal
step, are usually regularized considering the ratio between this
propagator and the propagator for a free evolution.

Generating Functions

The calculation of the n-points correlation functions, that will be
used to compute the correlations in the following examples, is
complicated, but it can be simplified by introducing the moment
generating functional

J[Dq(0)] exp(—S(@)+ [ I(1)-q(r)dr)
[Dq(1)] exp (—S(q))

Z[) = (30)

The functional derivative of the expression above
( g Z[J]) [Da(®)]g,(1) exp (= S(@)
570" )07 Da(] exp (—S(@)

provides the expectation value for the mean. Remember that the
functional derivative is defined as follows

= <qu(t)> (31)

700V = 00

where ¢ on the right-hand side is a Dirac delta, while the notation
on the left is the usual notation for the functional derivation. The
higher order correlations can be obtained by repeating the process:

J J
(M(l) 0J,(1) Zm) -0 (32)
_ [Da())q,()g. () exp (= S(q))
= a0l (—s@) | w0e@>
and for a generic functional F), it is possible to prove that
( FE2 71 })‘ [TDq()]Flg,(1)] exp (— S(@))
0J(1) 1207 [Dg(n)] exp (— S(@) (33)

= <F[qll(t)] >

The formalism of the derivation operator, appearing within the
scope of F, means that one has to substitute the functional
derivatives in place of the usual variables on which the operator F
is defined as in the Eq. (32), where ¢,(#)g,(t) are substituted with
0 0
0, (1) 0Jy(t)
The following paragraph shows how it is possible to compute
Z[J] for a general case with non-linear f in the Langevin

the derivatives

equations.

Perturbation Expansions

Feynman diagrams. The path integral formulation adapts
itself very naturally to the definition of perturbation corrections of
various kinds, for example, it can be used to compute corrections
to the probability distribution and to the correlation functions. In
fact, because of the general complexity of the action, it will be
difficult to know the exact distribution computing the integrals.
Although the technique seems involuted, it can be very easily
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generalized and can be the basis for applications to field equations
arising in a field theory.

Consider the propagator for a non-linear
q—Aq—uf(q)=0, where p is a parameter that measures the
strength of the non-linear terms,

evolution,

K(anv qulo)

ar
= | tpa 0

1 T
eXP(foJ (@—Aq—uf)" (G—Aq— uf(q))dr),

that is an extension of (19). The same coordinate transformation
described in Sect. (), q=r+g, can be introduced so that the action
can be written as an extension of Eq. (20)

1 T
S=- 2QJ (g—Ag—uf(r+g) (g—Ag—uf(r+g). (39)

Clearly the new measure [Dg(#)] also has to be considered.

The quadratic nature of the action creates a potential problem
because the expansion of the terms, according to powers of the
coupling constant y, generate terms of the form gf(g) that couples
state variables with derivatives. It is possible to overcome this
problem using the Hubbard-Stratonovich transformation [33,34]
extended to the multidimensional case, that is a generalization of
the identity

X2 [a (* ay®
exp(72>f ﬂjiwexp<7771xy)dy,

for the functional integrals. If the propagator is considered in its
discretized form Eq.(15), and for each integral that appears the
identity above is used when the continuos limit is restored, the
propagator becomes

eT
K(g.T: 20.0)= JD[y(z)] [ Dig()

Jgo

Ag—uf(g+r))

T T
exp(— [ Y iy (4

+ g Ofi(g+1)+ Tr(A)dr.

(36)

The auxiliary functions y(#) are defined over the entire time
axis. This transformation introduces new integrations that can be
summarized as D[y(?)]. The field f(f)= —iy(¢) can be introduced
and the trace of the linear part can be taken from the functional
integrals, as it does not depend on the paths, yielding

T
K(g,T;gy,0)=exp ( — Jo Tr(A)dZ)

PLOS ONE | www.plosone.org

The Path Integral Formulation of Climate Dynamics

(X

JDM)(t)] EOT Dlg(n] exp {— L +¢ (g~ Ag)dt}

exp U g+ 12 f(g+r)>} (37)

or

KV(g’ T? g()so)

ST
=jD[¢(z>]j Dig(0) exp (— so>exp<j V(e p(0)dr).
20

The subscript ¥ has been added to underscore the dependence of
this propagator on the non-linear terms in the second exponential
exp (V'), whereas the quadratic terms are contained in Sp. The
term V(¢) contains higher order terms in ¢(¢) (hence in g(¢) and
#(?)) that reflect the impact of the non-linear interactions. The
propagator corresponding to the quadratic part describes the
evolution of the system without interaction and therefore can be
described as the free evolution of the system. Usually it can be
computed exactly:

2T
Ko(g.T:g.0)= JD{@]J Dlg)exp(~So).  (39)

20

whereas, in the presence of interactions, it is

Ky(g,T;8,0)=

JDMJ Dlg(n] exp(— S@exp(] Vigh)dn) =
80

T
< exp(@[ Vigd)d)>o. (40)

In other words, the propagator for the problem is the expected
value of the interaction with respect to the probability distribution
of the unperturbed, usually linear, problem. In the presence of a
small coupling constant y, the exponential for the interaction can
be expanded in series, yielding successive corrections to the free
propagator

T
Ky (e.T:20.0) =Ko (1 +op j Vigd)di) >0+

1 1 T (T
<3| | vewsovesoaman=o ). @)
40° 2o Jo

These expectation values can be computed using the generating
functional Eq.(33).

Perturbation expansion for the correlation functions. It
is useful, for the following computations, to define a scalar product
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as (x,y)=x"y, where the asterisk indicates Hermitian conjuga-
tion, (.*):Z.)T. The generating function can also be written for
the non-linear case using the transformed action (37). It is
convenient to write it using the real vector J = (j,k) = (ji j2,k3.k4)
as the source term, so that

zZJ)=
I D) 7 Dlgw]exp(— [ 106"+ @~ Aw—g'i—¢"kar) exp(J) Vigr.h)n) (42)
IDWO] £ Dle0]exp(— I} 104" 9+4" @ —Ag)dr) ’

where

T T i
(| Ve =exo( | "t Sor o).

For a small coupling constant u, the exponential in a Taylor
series can be expanded to obtain

2
exp ( [ V()d)y=1+u [ V(t)dt+ % [ [ VOV (£)didt . (43)

When the function of the path V' is a polynomial, every term is
the expectation value of the terms of the series expansion of the
exponential, and each one can be obtained by differentiating the
generating function of the free evolution. The series can be
formally exponentiated and written for the generating function of
the non-linear case

0
ZJ)= exp(V(ﬁ)) Zy(J), (44)

analogously to Eq. (33), that must be normalized by Z(0). The

expression for the quadratic generating function can be written as

Zo(J)

D07 Dlglexp(— [y 05" p+9"6—Ag —g 9—T'kdr) (45)
[ D] [E7 Dlgw]exp(— |y 006 -+¢" &~ Ag)dr)

where a zero subscript has been added to indicate that it is the
generating function for the linear evolution. Introducing the vector
u=(g,$), it is possible to write

T Dlu(z — [lu A a—urd dr
ZO(J):J“() [u( )]exp( Jy 3u u—u )’ 6)

"7 Dlu(t) exp( — 4 [ wid uds
ug 2J0

where 47! is the Hermitian operator

—0;+A" ) “7)

A—1=( 0
0 +A 0

It is possible to obtain an explicit form for Zy[J] by inserting
u=1u.+w, with which the numerator becomes:
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T Tl * 4—1 1 * 4—1
Zy[J]= Dlw(t)] exp (— . Eu"A Ut 5w A7,
"o
1 * 4—1 1 * 4—1 * *
+§ucA W W A7 w—w J—w'Jdr). (48)

We can find u, so that A_lut.fJZO, and then
Z[J]=

wT T 1 1
J Diw(1)] exp(— J EujﬁJ—l—w*J—i— EW*A’IW—U:J—W*JdZ)
w0 0

uy T 1 1
= J DIw(1)] exp (J Eu:Jdt) exp(f EW*A’lwdt> . (49

u) 0

The remaining path integral over w(¢) is eliminated by the
normalization, therefore the generating function is given by

Zy[J] = exp (JT%ujJ dt). (50)

0

The solution u, can be expressed in terms of the Green’s

function of the operator 47!,

w ()= LT G(t,) () dl (51)

and the final form of the generating function is

1 T T
Zy[J]= exp (EL J J(OG*(t,7)I(t) dtdz/). (52)

0

This is a general expression; in fact, in the linear case a relation
formally identical to the one above is obtained.

Results and Discussion

The Case of the ENSO

A simple model of the ENSO system based on the recharge
theory was proposed years ago [35]. Following this model, ENSO
can be described by a simple linear system

dh

i —rh—oubyl
do
o =mby— 0+ 7h,

where 0 is the SST anomaly (Sea Surface Temperature) in the
West Pacific and / is the depth anomaly of the thermocline in the
East Pacific. The parameter g measures the strength of the
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(a) Propagator

ENSO system at critical values
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(b) Numerical Experiment

Figure 2. The probability distribution for the subcritical case (1=2/3) from the propagator (a) and from 2000 numerical experiment
(b). The solid line corresponds to T=1, the dashed line to T=2 and the dot-dashed line to T=8.
doi:10.1371/journal.pone.0067022.g002

interaction between the SST and the wind stress. Introducing the The solution without noise
vector = (h,0), it can be written as

H(t)= ef(z10 cos(tw) —zy0 sin(tw))
d <h) < —r  —oubg ) (h> (25 cos(tw) 4z, 0sin(ew)) /)’
dr\ 0 7 yHbo—c 0 around which the action must be expanded, is represented by an
exponentially modulated oscillation. The period of the oscillation
is w and the time scale of its exponential growth/decay is given by
1/B. The oscillations are damped if <0, neutral oscillations
occur for =0 and unbounded oscillations occur in case of > 0.
The solution of the stationarity equation (24), satisfying the
d [z B —w Z1 boundary conditions that allow the calculation of the fluctuation
— = (53) o .
dt ( ) (w B > < ) prefactor, is given by the function

A coordinate transformation of the vector (A,0) allows
transforming the matrix to the standard form

22 22

sinh (7)

The matrix in the equation above is indicated with L.
The action for this system is given by g, (

sinh(pr) (230 sin(ow—27w)ePT 42 0cos(w@T—1))ePT 2z,  cos(w(T—1)) +2y7 sin(w(T ~1))) )

sinh(pr) (221 0sin(w—27w)ePT — 25 cos(w(2T = ))ePT + 2y cos(w(T 1)) + 2y 7 sin(w(T ~ 1))
- sinh (BT)

1 T
S= E,[ (2—Az)" (z2— Az)+ Tr(A)dt. and therefore the propagator can be written, based on Eq. (25), as
0
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K T 0 per
o(z11.227, |210a2207 )= m
exp - le P (3 + 30+ (1 +237)
ZQsinh (ﬁT) 10 20 1T 2T

+2sin(WT')z17220 — z10221) — 2 cos WT)(z10z17 + 220227)]) - (54)

With the choice of parameters proposed in [35],
c=1,y=0.75r=0.25,0=0.125,bp=2.5,u=2/3, the system un-
dergoes stable oscillations, and the entries of the corresponding
matrix L are f=0 and w=/3/32. The corresponding propaga-

tor can be written as

2 2 2 2
Tt tartiy

1 1
Ke=ror eXp(_ 207

—ZCOS(TW)(Z”)ZlT +22022T)+2 sin (WT)(Z]TZz() —210227'))) (55)

Fig. 2 shows the probability distribution, obtained for a
propagator for an initial probability distribution, that is, a delta
function at the origin. It is a Gaussian (the figure shows only the
section for z7 =0), whose standard deviation increases with time.
The system 1s analogous to a Brownian motion with the particle
diffusing in the entire space. The period of the oscillation is close to
20 months and the separate members of the ensemble deviate
rapidly as the system evolves. Fig. 3a shows the evolution of the
individual members of the ensemble as the oscillation gains larger
amplitude. The basic linear oscillation is neutral, so the stochastic
fluctuations create the amplification effect, which later will result
in the flattening of the probability distribution. For values of u
smaller than the critical value, the oscillation is damped, but the
stochastic forcing can counterbalance it, permitting a statistical
equilibrium. Fig. 3b shows the time evolution for the damped case,
and it is possible to see how the divergence is considerably slowed
down. Depending on the magnitude of the stochastic force Q, a
different value of u is necessary for equilibrium.

The probability distribution is correctly estimated by the
propagator as it can be seen in IFig. 4. The zeroth order
generating function can be obtained from the Green’s function as
in Eq. (55). The 2-point correlation function is given by the second
functional derivative of Zy(J),

<z1(v)z1(8) > =(mm20m)‘.l:0 =

1 9

T T
L o ’oa N gl
25J1(T)(J J o(t—1)G(,7") 1 (")dd d" +

0 Jo

T T
J J ()G (2 7")o(r —7")d dT") Zo[I]|y_o =
0 Jo
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1 T
—J S(t—1")Gy1(t,7")dt"
2 Jo

(Gll(tar)'i'_Gll(T»l))' (56)

N —

T
+ % J G, 0)d(r—1)d =
0

Considering more derivatives, one might also investigate higher
order statistics such as the skewness. The Green’s function Gy; for
the ENSO model in the transformed coordinates is given by

G]](‘L',l)=
0 cos(tw—w) (sinh(ﬁzﬁsTinh(ﬁr) _sinh(p Z;}finh(ﬁz))
- Bsinh(BT)
B¢y
0 cos(tw—w1) (Sinh(ﬁ L)ﬁsrinh(ﬁr) B Sinh(/)’Te)ﬂfinh(ﬁr))
B B sinh(BT) (57)
O;_y

where ® here is the sign function. In this way the standard
deviation is given by equal time correlations (t=1)

Qcosh(fT—2p¢t)—Qcosh(fT)

<zi(®)z1()>=— 2B sinh(BT)

Considering the evolution for a semi-infinite domain, when 7’
becomes very large, it will be obtained

ofe 2 1)
2B

<Zl(l)21(l)> = —
the equilibrium value

<zZ1()z1(t) > g = —.
210> 4= 55

It is interesting to note that the same time correlation does not
depend on the oscillating part of the solution and the frequency w

does not appear anywhere. The autocorrelation for positive lags
v =1—11is given by

Qcos(t'w) (1 —e =)

/ —
<zi(Oz1(t+7)> = 2peh?

s

and at the equilibrium value, when 71— o0,

0e =% cos(t'w)

2B

<z1(Hz1(t+1) > q=
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Ensemble for pure oscillations

0 20 40 60 80 100 120 140 160
Time (Months)

(a) Evolution for p = 2/3

Ensemble for damped oscillations

r ’\f ,‘1'

% \u"'

0 20 40 60 80 100 120 140 160
Time (Months)

(b) Evolution for p = 1/2

Figure 3. The time evolution of 10 members for the critical case =2/3(a) and the subcritical case u=1/2 (b).
doi:10.1371/journal.pone.0067022.g003
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(b) Probability from Numerical Experiment

Figure 4. The probability distribution for the subcritical case (1 =1/2) from the propagator (a) and from 2000 numerical experiment
(b). The solid line correspond to T=1, the dashed line to T=2 and the dot-dashed line to T=8.

doi:10.1371/journal.pone.0067022.g004

The cross-correlations in these coordinates are identically zero,
but, going back to the (h,0) coordinates, they will recover the
correlations shown in [35].

In the same paper [35], a non-linear extension of the standard
model is proposed. The non-linear terms represent the negative
feedback of the thermocline, and involve the strength of the
coupling between the wind stress and the SST; they are cubic in /
and 0. The extra term appears only in the equation for the
temperature as

—e(bO+hy?
t 1 (;22 t2
(a)
t1 G2,1 to
(b)

Figure 5. The propagators of the system: (a) the propagator for
the variables (z»,2,) (b) the propagator for the variables (z5,4,).
A corresponding propagator can be obtained exchanging 2 and 4.
doi:10.1371/journal.pone.0067022.9005

PLOS ONE | www.plosone.org

This expression can be used to get the non-linear terms in the
action (36) to obtain the perturbation expansion in power of the
interaction coefficient ¢, which corrects the free (linear) propagator
in the presence of non-linear terms. The expansion is rather

(b)

Figure 6. The internal vertex <. (a) for the quadratic term 22, (b) for
the the quartic term z3¢,.
doi:10.1371/journal.pone.0067022.g006
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la

(b)

Figure 7. The graphical representation for the expressions (59) and (60).

doi:10.1371/journal.pone.0067022.9g007

tedious and, to illustrate the point, the system will be somewhat
simplified reducing the non-linear term to a simple form, obtaining
a simplified version of the cubic non-linear term in the system (53)
that will result in

d(z —-w\ [z 0
()0 DG ) @
dt \ zp w B > —z;

where ¢, function of f§, measures the strength of the non-linearity.

The action for this system is given by Eq. (37), where z plays the
role of g. The relevant terms in the action are those deriving from
¢Tf(z+r) which, in this case, reduce to the interaction terms
between ¢, and zy, fsﬂ(ﬁzg%. There are also terms deriving from
the divergence in the action. The interaction terms are therefore
given by:

322
Vi(¢,2)=¢p (72 —4)223) .
The generating function for these terms is then given by Eq. (44)

2v=exp (Vi35 ) 2000,

that can be expanded in power of ¢,

Zy(J)

T B B 5 b
= {1+ L Vy (5],1(1),5],2(1),51(3&),5](4(1)) dt+ ] ZoDy_g»

ty to t1

where for convenience the numbering j=(j,/2) and k=(ks3,ks)
have been introduced. As one can see from Eq. (33), the functional
derivatives have to be evaluated at the same time point, 7, and
they correspond to the powers of the dynamical variables.

As an example, the correction of the temporal covariance of z|
will be computed to demonstrate the approach. This covariance is
given by the 2-point correlation function, as in Sect. (4),

0 B
LI ) IR

<21(t1)21(t2)>=(

The basic rules of the functional derivation are given by

o0 _, AW
o¢() o)

and therefore the two derivatives in Zy (J) will eliminate all terms
with less than two j,k, whereas the terms with a larger number of
(j,k) will be eliminated by the evaluation at J=(j,k)=0. Due to
these mechanisms, the derivative only selects quadratic terms in
the expansion of Zp(J). The other term in the first order
expansion will be obtained by taking four derivatives, three with
respect to ja, and one with respect to k4. There are two terms of
this kind

=0(t—7)

J2GoakajoGrjor,  kaGanjojo Gaojir

T & 1‘,2

> P e =

Figure 8. The terms of the perturbation expansion for the 2-point correlation, the variance. The full contribution can be obtained by
using symmetry over all the vertices and adding the graphs obtained exchanging 2 with 4: (a) disconnected graph, corresponding to (61), (b) graph
with Gy4 integrated over the internal vertex 7, corresponding to (62), (c) graph with G»4 into an external point corresponding to (63).

doi:10.1371/journal.pone.0067022.g008
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Ensemble for damped oscillations
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Figure 9. The evolution of the equal time variance {z,,z;) for an ensemble of 2000 simulations for the test system. The averaged
variance computed after equilibration and its standard deviation is shown to the right of the figure. The solid line represents the linear system, the
dashed line is the non-linear system with ¢=0.01 and the dotted line is the non-linear system with ¢=0.03.

doi:10.1371/journal.pone.0067022.g009

The denominator is given by the following expression

Zy[Mls=0=

T
1+¢ (;J Gu(t,r)dt+ — 4 J (Gag(1,7)+ Ga2(1,7)) Gz (7, r)d‘z:)

Propagators and interactions can be graphically seen in Fig. 5
and Fig. 6. The numerator is more complicated because now there
are two more derivatives. The same arguments used before now
lead to the conclusion that only the terms with three Green’s
functions will survive. The problem is combinatorial and is well
known in quantum field theory. It is essentially the same as finding
all possible combinations of six points in time: the "external"
points, f1,t2, and the "internal" points 7 that are going to be
integrated over. Depending on which of the six j or k the
derivatives will operate, different kinds of integrals will be
generated. The zero order in ¢ is simply Gxn(?1,t2), but for the

first order we need to count the contribution from V;. The
quadratic term in z; will result in
13(7
Migs G(1,1)Gaa(7,12)dt (59)
0
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13 (7
M2§§J Gu(t1,2)Gx(r,7)dr. (60)
0

The combinatorial analysis indicates that in all there are 4 4!
terms given by the four time points; (#1,f,7,7) are treated,
organized in such a way that M;=16 and M,=8. More
complicated expressions are obtained from the quartic terms. In
this case there are three Green’s functions involved: G,y, Go4 and
Gy,. Firstly considering the combination with Gag, it can be seen
that there are 5! % 3=360 terms,

11

M; — 3 SJ Gu(t1,t2)Gn(1,71)Gos(T,T)dT (61)
117

My A 8[ G (t1,7)Goa(7,7) Goa (1, 12)dT (62)
11

Ms— 3 8J G (11,7)Gaa(7,7) Gou(1,12)dt. (63)

with M3 =144, M,;=144, Ms="72. Another 360 terms will come

from the symmetric terms containing Gs. However some
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simplifications can be obtained because the numerator can be
factored to the first order in ¢ so that the normalization can be
completely canceled at the denominator. The Gay(#1,t2) can be
collected to obtain for the numerator,

T

T
3
Gonlt1,2)(1 + sJ Go(e.0) Goa(2,1)dl

~Gp(t,n)dt+ 3¢ J
02

0

T
+38J G2 (1,7)Gar(t,7)d7) +other  terms in ¢, (64)
0

or at the first order in &

I+e [ 3 Go(r,0)dt+3e f)| Gorl(t,1)Ga(z,0)dT
X
+3¢ [ Gn(1,7)Gar(z,0)d

(Gaa(t1,t2) +other  terms in

8). (65)

The first parenthesis cancels with the numerator and the final
expression for the variance is obtained

<zi(t))z1(t2) > = Gu(ty,1r) +other  terms in ¢.

This is the unperturbed variance corrected by the non-linear
terms.

The terms in the perturbation expansion can be expressed with
a graphical representation via Feynman diagrams like those in Fig.
5. In this problem there are three kinds of propagators,
corresponding to the matrix entries of the Green’s matrix. The
diagonal entries generate the propagator of the state variable z,
and the off diagonal terms, which turn out to be symmetric,
generating the propagator connecting the state variable to the
auxiliary variables ¢. The Green’s function Ga(f1,t2) can be
graphically expressed with a straight line. On the other hand, the
G4 propagator can be seen as a dashed-continuos line. The points
t; and 1, are the external lines of the graph, the time point 7 is
recurring twice and is therefore special, because it has two lines
that must be connected with the other point.

The quadratic terms Eq. (60) can be graphically written as in
Fig. 7. The (b) graph in the figure represents the integral where the
G (th,t2) propagator can be factored out. It is an example of the
fact that these kinds of terms show up graphically since they are
made up of separate parts. The so-called “disconnected” graph, in
this example it is the product of G (¢,t2) and fOT Gy(t,1)dr.

The terms corresponding to Z%(]bz are more complicated. The
internal vertex is of order four and has four lines, which must be
connected with two external points. A four line vertex corresponds
to the product of two Green’s functions, in this case a G and a
G4, because there are only two external lines. The other two lines
must be closed on themselves. The graphs are shown in Fig. 8,
without showing all the possible symmetries and exchanges that
produce all the 720 terms.

The disconnected graphs are the product of the component
graphs, therefore the final correction to the variance or 2-point
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correlation can be written in the form

e3 (T
<21(f1)21(fz)>=G22(Z1,t2)+Mz**J Gx(t1,0)Gon(t,T)dTt+

82),

MllJT
Y4318,

11 (7
+eMs ?gJ Gx(11,7)G22(7,7) Gag(1,12)dT
18 Jo

Gx(t1,7)Goa(7,7)Goa(1,12)dT
(66)

The results are shown in Fig. 9. The figure shows the time
evolution of the variance at equal times #; =7, of an ensemble of
2000 numerical simulations. The solid line for the linear case
concurs with the theoretical value at equilibrium, Q/2f =8, within
the errors. The first order estimate of the non-linear equilibration
gives 7.35 and 6.50 for £=0.1 and £¢=0.3 which are also in
concordance with the results.

Conclusions

This paper has shown that the path integral formulation and
functional methods can be used for stochastic equations derived
from the type of equation of motion that are used to describe the
atmosphere and the ocean. These equations pose special
complications because the evolution equations are first order in
time causing an action that introduces coupling terms between the
velocity terms and the forcing function.

This problem prevents a straightforward application of the
method as in quantum physics, however, it can be treated by a
careful consideration of the boundary conditions. Complications
in higher than one dimensions can be treated using the
Stratonovich-Hubbard transformation. A perturbation expansion
can then be designed for non-linear cases based on the calculation
of the generating function for the n-points correlation functions
and Feynman diagrams can be introduced.

In this paper the path integral technique is applied to solve a
linear simple model and a non-linear one, related to the Climate
System, to demonstrate of the power of this tool. Although the
technique seems involuted, it could be very easily generalized and
could also be the basis for applications to field equations arising in
a field theory. This method has only been used with linear and
non-linear simple ENSO models, which contain only depending
on time variables. The aim of this paper is to stimulate interest in
the path integral technique to study the Global Climate System.
The authors’ hope is to use the formalism of the field variables to
face, with this technique, more complicated models, such as
applying this method to study general circulation models with
noise.
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